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Chapter 1

Motivation

1.1 Differential Equations and their Solutions

We list some results that can be found in [11], [18] and [25].

1.1.1 Boundary Value Problems for Ordinary Differential Equations

Consider the boundary value problem

:\
O
I

f(z), 0<z<l,

0
0

for a given function f. Then its solution u can be written [29] as

1
uw)= [ Ku)f)dy
y=0
with a kernel function K given by

y-(z—1) :0<y<z<l,
K(z,y) =

z-(y—1) :0<z<y<l.
This kernel function K has a singularity for = y, in the sense that there the first derivative K, has a
jump.

1.1.2 Problems in Full Space and Half Space

To simplify notations, we put D = 1V with i = —1 and D = D$! - ... D2» for a multi-index v € N"
with a = (aq,...,a,) and |af = a1 + -+ + ay. Now let u = u(z) be a function on R™ that is sufficiently
smooth and decays at infinity sufficiently fast (we make this more precise below). Then we can define the
value (&) of the Fourier transform of u as

i) = (Troen)(©) = [ e " Cuta)da.

Then we can justify the formula (D%u)§) = £*a(€), with £* being defined similarly as D, namely
ga — ill . L L£Qn

Claim: Let f be a function for which the Fourier transform makes sense as above. Then there is exactly
one solution u with the same smoothness and decay properties as [ that solves (1 — A)u = f in R™.

5



6 CHAPTER 1. MOTIVATION

Justification. If u is such a solution, then we have

f) = +[gPa), VveEeRr™

This implies uniqueness of u. And indeed, the function

1 iz- 1 r
u=u(x) = @) /Rge+ §1+‘£|2f(€)df

will turn out to be a solution with the desired properties. O

From now on, we will always assume that all appearing functions are differentiable as often as we need it,
and that they decay at infinity sufficiently fast.

Claim: There is exactly one solution on [0,00) X R™ to the initial-value problem

Ou—ALu=0, (t,z)e (0,00)xR",
u(0,z) = uo(x), =R

Justification. We perform partial Fourier transform (replacing x by &, but keeping t), and this gives us

i+ |§*a =0, (t,€) € (0,00) x R™,
a€) =o(€), &eRY,

which has the solution (¢, &) = exp(—t|£]*)up(£). Now we invert the partial Fourier transform and get

dg

u(t,ac):/R et (&) e, ac .= -

n
(3

Let us substitute 1o here:

u(t,z):/ elre—tlel? /
Ry R

and for positive ¢ we are lucky and can swap the integrals:

uta) = [ ol ( /

The inner integral can be evaluated, and the result then is

1 x —y)?
u(t,x) = (47Tt)”/2/]R exp (—ﬂ) uo(y) dy. (1.1)

e Yuq(y) dy) de,

n
Y

ol (z—y)—t[E]? ag) dy.

n
3

n
Yy

Let us now have a look at the problem
—Au(z) = f(z), x € R".

We perform the Fourier transform as before and get |¢|24(€) = f(¢), from which then the inverse Fourier
transform gives us (“no one has the intention of erecting a pole”)

ive 1 2 ivg 1 —iy-
ue) = [ e f@ac= [ e ([ emsma) a
w1 e TEP \ ey
And now (“can you see the three magpies outside the window ?”) we have

w(z) = ei(w—y)fi )
(2) A(A |£2d§>f(y)dy

n n
Y (3
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Continuing in this fashion we then get the formula

— 95 Joz |z = yl) f(y) dy tn=2,
u(z) = Y L du 5 (1.2)
n(n—2)a(n) fR;L \;c—y|"*2f(y) y n>2,
with a(n) being the volume of the n-dimensional ball of radius 1.
Claim: There is exactly one solution u on R x R™ to the initial-value problem
(02 = AN)u=0, (tz)cRxR",
U(O, :ZJ) = UO(‘T)ﬂ r € R",
ut(0,2) = ug (z), = €R™
Justification. We perform partial Fourier transform as in the parabolic case and get
(07 + [¢1*) a(t,€) = 0,
which implies together with the initial conditions that
R R sin(t|€|) . "
i) = cos(tein(@) + EL 0O, (19 R xR
This formula can be re-arranged into
1 .
u(t,a) = 3 / D) dg+ 5 [ D) ae (13)
1 1
2 [ e Ly ey ae - / eiee=tled 1 g ey ae.
2 gy g

As before, we can now express 1o (€) and 41 (§) as [g,, exp(—iy-&)ug,1(y) dy, and (as dodgy as above) swap
Y
the two integrals over y and £, and then we get the following formulas after some calculation:

—t t)y 1 et
u(t,x):uo(ﬂc );—uo(aﬂ- )+§/ wr () dy, t>0, n=1, (14)
Yy

1 / tuo(y) + 2u(y) +tVuo(y) - (y — )
Bi(x)

5 14 Y,
Qth(m)ldy 12—z —y|?

fllda)/aB( : (tul(y) +uo(y) + Vuo(y) - (y—a:)) do(y), t>0, n=3. (L6)
0B +(x

=x—t

u(t,z) = t>0, n=2(1.5)

u(t, ) =
O

We observe that we can can bring the solution formulas (1.1), (1.2), (1 4) (1 6) into convolution form,
which means to express the solution u as something like u(z) = (K % ug)(z) := [p. K uo(y) dy.

For the solution formula (1.1) of the heat equation we get

2|2
ult, ) = (K xuo)(w),  Ki(z) = W“p (ut) '

This integral kernel K; has no pole (assuming ¢ > 0).

For the solution formula (1.2), we have

u(z) = (K * f)(z), K(z)= {_2771n|2 ‘n=2,

1 .
nm—%a(m ez N> 2

Now the integral kernel K has singularities at z = 0, which correspond to singularities at y = x in the
convolution integral (K x f)(x).

And for the wave equations, things are a bit more complicated because we have two initial functions. First
we define a function K (z) of z € R™ with parameter ¢ > 0 by its Fourier transform like this:

sin(t[¢])

E(g) := const. T
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and then the solution becomes
u(t,x) = 0 (Kt * uo) (x) + (Kt * ul)(x)

The kernel K; now turns out to be the following distributions or functions:

Kt(Z) _ %X[—t,t] (Z) tn= 17
L§(lz| —t) :n=3,

4mt

and for n = 2, we have

1
S ——Tr?
Kt(Z) — ) 2m\/t2—|z|? ‘ |
0 |z| > t.
We observe that these three kernel functions have singularities at z whenever |z| = ¢, which is to be
expected, because singularities of the initial data ug and u; should be propagated with velocity ¢ = 1.

1.1.3 Problems in Bounded Domains

Proposition 1.1 (Representation Formula of Poisson'). Let B = Bg(0) be the open ball of radius
R about 0 in R™ with n > 2, and let u be the solution to

where g € C(0B). Then u has the representation

RQIIIQ/ 9(y)
u(x) = ————— doy,,
)= "R Jycon o — o 47

with a(n) being the volume of the n-dimensional ball of radius 1.

T € B,

Proof. See [16]. O

1.2 Some Key Ideas of Microlocal Analysis

In this course, we are concerned with boundary value problems (or initial value problems) of the form

Az, Dy)u(z) = f(x), = €Q,
B(z, Dy)u(z) = g(x), =« € 09,

with given f and g. Here A and B are certain partial differential operators (PDOs).

We also are interesting in finding (at least abstract) solution formulas that look approximately like this:

u(z) = /Q Kj(x,y)f(y) dy + /8 Ky )a(0) .

for some (not yet determined, or perhaps never determined) kernel functions Ky and K.

It turns out that all these operators (the PDOs and the solution operators) can be subsumed as Pseudo-
differential Operators (?DOs) or Fourier—Integral Operators (FIOs), and the theory that studies all these
operators is called Microlocal Analysis.

What are Pseudodifferential Operators ? They are generalisations of PDOs. Let P = P(z, D,) be such
an operator on R™, hence

P(z,D,) = Z ao(z)Dg,

la|<m

1SiMEON DENIS POISSON, 1781-1840



1.2. SOME KEY IDEAS OF MICROLOCAL ANALYSIS 9

where P has order m € N, and the coeflicients a,, are smooth functions on R™, which are bounded together
with all their derivatives, hence a, € C;°(R™).

We recall D, = %V (the whole point of this extra factor % is to simplify various formulas in which Fourier
transforms appear). Using (D2u) () = £*0(€), we then can write

(P, Da)u)(z) = Y aal@)(FL,E%0(6)) ()

|a|<m

— eiz-§ a ()Y df
_/R? > aal@) i) g

la|<m

Again we set d¢ := (27) " d¢ (in order to simplify the notation to follow in later chapters), as well as
P(2,€) =20 j<m %a(@)§*, and we obtain the compact notation

(P(z, Dy)u)(z) = /R 7 Ep(, £)a(€) dE. (1.7)
g

The function p is called pseudodifferential symbol of the operator P, and sometimes we will write p = o(P).

If P is a PDO, then p is a polynomial in &.

The following properties of p are quite obvious:

e for |£| = oo, the symbol p = p(x, £) has polynomial growth, and the growth order equals the order
of the operator,

e if we take derivatives of p with respect to £, then the growth order is being reduced,

e if we take derivatives of p with respect to x, then the growth order will typically not change.

The key idea of ¥DOs is to replace the polynomial symbol p by another function, which is not necessarily
a polynomial in &, but it still satisfies the above three properties. The associated operator P is then called
a UDO.

Example: The solution operator on the full space to 1—/\ is a W DO with the symbol o((1—A)~1) = 1+}£|2 ,

which has growth order —2.

Now some ideas have been presented, and some questions arise:

e Which of the properties of a PDO continue to hold for a DO ? (mapping properties between
Sobolev spaces; adjoint operators and composed operators are again operators of the same type;
spectral properties)

e What are the advantages ?

e How to define ¥DO reasonable in Q C R” (a difficulty is how to define @) for some function u that
is given only in a part of R™, not everywhere)

e How to generalise DO reasonably ? (this will bring us to Fourier—Integral operators (FIOs), which
are solution operators to hyperbolic partial differential equations).

We begin to generalise our notation (1.7) of ¥DOs. First we note that we have the equivalent formula

(P(x, Dy)u) () = /R ( /R

Yy

W Ep(x, E)uly) dy) de,

in the sense of an iterated integral. Next we remark that the formula (Pu)(z) = >, <, aa(2)Dgu(z)
means that we take first the derivative D¢ of u, and afterwards we multiply by the coefficient a, (). This
order is quite arbitrary. Indeed, suppose z € R! for simplicity, the operator a(x)d? can be re-written like
this:

a(x)0%u(x) = 92(a(z)u(z)) — 2d/ (2)u/ (x) — a” (x)u(x) = &2 (a(x)u(z)) — 20, (a’(x)u(a:)) +a" (z)u(z),

and the same re-writing is applicable to any operator ZI al<m Ga (z)Dg. Tedious, but doable.
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But then an operator P(z, D;) with action as (Pu)(z) = 3|, <, Dg (@a(z)u(z)) will lead to the formula

g

and now the factor p(z,&) has turned into p(y,&). Observe that operators with this convention appear
naturally when we build adjoint differential operators.

@t D) = [

R

ei<w-y>-fp<y7£>u<y>dy> g, p(y,€) = Y aaly)e,

n n
3 y |a|<m

Therefore, we arrive at a first generalisation of (1.7):

(I

and the function a = a(z,y, £) has polynomial growth with respect to £&. We call this function amplitude
function of the operator P, and we remark right away that each operator P will have many different
amplitude functions.

(P(z, Da)u)(z) = /R e Ca(a, y, Euly) dy) dg, (1.8)

n n
3 Y

Now we have the desire to swap the integrals in (1.8) and obtain

@@ D) L [ Keyul)dy, Ky~ / S oz, £) de,

Ry 4

and this step needs a meaning and a justification. Note that we can write K also as an inverse Fourier
transform of the amplitude function

K(a,y) = (&"gizau,y,&))‘ ,

Z=x—Yy

provided we can explain what this actually means: “(inverse) Fourier transform of a function that is a
polynomial (or grows like a polynomial)”. The justification that will be given in later chapters crucially
rests on the oscillations of the factor exp(i(z — y) - £) which we observe if |£] approaches oo, provided that
T #y.

The object K (x,y) that will be produced by this inverse Fourier transform procedure then will not be a
function, but a distribution (called the Schwartz kernel of the operator K), and it is advantageous to know
where this distribution K is singular. The examples which you have seen so far indicate that singularities
are to be expected for z = y.

On the other hand, these discussions seem to exclude the solution formula (1.3) of the wave equation.
And indeed, (1.3) can not be brought into the form (1.7), because “the exponential term does not fit”.

In order to handle (1.3), we need to generalise (1.8) to

(P(x, Dy)u)(x) = /R </JR

and the function ® is called phase function. For ®(z,y,&) = (x — y) - £, we arrive again at (1.8). And
D(z,y,&) = (x—y)-£Lt|€| brings us to (1.3). Operators of this type are called Fourier Integral Operators
(FIO). Again, oscillations will help us in ensuring that an integral which gives us the Schwartz kernel
actually converges, and therefore we should require that ® is real-valued, and that certain derivatives of ®
do not vanish. If V ®(x,y,{) = 0 for certain (x,y, &), then the oscillation is “not fast enough there”, and
some singularity in the Schwartz kernel appears at that point (x,y). If ®(z,y,£) = (x —y) - £ + t|£], then
we have V@ = 0 exactly if |« — y| = |¢|, which simply means that the wave equation lets singularities of
the initial data propagate with speed 1, as it should be.

@V Sa(z, y, Euly) dy) dg, (1.9)

n
Yy

1.3 Typical Results. Challenges

We expect the following result: if Q& C R™ is a domain (suppose its boundary 92 is smooth enough,
whatever that means), and P is a YDO of growth order m, then P should map the Sobolev space H*(f2)
into H*~™(2). This seems plausible, but in reality things are more complicated.
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The reason is this: in order to calculate Pu as in (1.7), we need the Fourier transform @ of u, hence we
need to know u outside of 2. How to define u outside of 2 7 We could extend u with zero-values. But
then the extended version ueyt of u will have a jump at 9Q, and ueyt will not belong to H*(R™), and
hence Pueyy & H*™(R™). And we do not know whether the operator P “drags the jump of ueyt into 7.

A loophole for us could be the following: we demand that u € H®(€2) has compact support inside €2, which
means that © = 0 in an inside marginal strip along 02, and then we can safely define

Q
cht(x) _ {g(m) i ZQv

without introducing artificial singularities. Then Puey, € H* ™(R™) seems plausible (and is true, actu-
ally). If we restrict Pueys back to Q, we get a function of H*~™(Q). The result then is the mapping
property P: Q) — H*~™(Q), and the subscript “comp” is crucial here.

Comp(
But the next challenge is waiting for us: ¥DOs do not preserve the support of a function. This means
the following. If P(z,D,) = Z\a|§m aq(z)DY is a PDO, then it does not increase the support, hence
supp Pu C supp u.

But this is no longer true if P is a ¥DO. The reason is that the Schwartz kernel K (x,y) of a PDO is zero
for x # y, hence supp K C diag(Q2 x ). But YDOs do not behave that way — their Schwartz kernels
are typically everywhere non-zero, which means supp K = ) x ). The consequence then is that we can
not define what the composition P o Q of two YDOs P and Q is supposed to mean if both are to act on
a domain 2 # R™. A loophole could be to forget about domains €2, and only ever consider the full space
R™, which has no boundary. Or to only ever consider the torus T™ as domain for the z variable, which
also has no boundary.

There is one more challenge waiting for us, which is a bit harder to see. Consider two PDOs P and Q,
having the form

:P(x7DZ): Z aa(x)Dg‘, Q(vafﬂ): Z bﬁ(x)Dg

|a]<m |B]<m

Then their composition P o Q is again a PDO, which we compute as follows:

(PoQu)e)= 3 aa(@)Ds (bs(@)Dlutz))

la|<m,[B]<m

= Y w@X (%) (o) D2t

|| <m,|B]<m y<a
and therefore the pseudodifferential symbol of P o Q evaluates as

o(Po@ &= Y Z( ) 2)(Dbs () )€+ (1.10)

o] <m,|B|<m y<a

=2 X (3)%(%)6“” A X pavs)e

[v[=0 \la|<m,azy

=3 (X fmtere )| 5 ot

=0 \Jal<m ' |Bl<m

Z ~(009@.9) - (P20(@.9).  pe.O)= 0. alw.6) = o(Q).

Note the following: although we have let |y| run to oo, in reality only a finite number of terms appear
in this series, because p is a polynomial in £ of degree at most m, and therefore 32])(33,5) will be zero
whenever |y| > m.

Now let us replace P and Q by WDOs, and the situation changes. Suddenly we have to add an infinite
number of terms. It gets worse — typically this series does not converge anymore. We have to replace
the concept of a converging series by the concept of an asymptotic series.



12 CHAPTER 1. MOTIVATION

This means the following. Consider a series s(£) = Y2 ar(§). Define its partial sum

L

We say that .2 ar(€) is a converging series with value s(€) if the following holds:
V¢ (fixed):  [s(§) —sp(€)] =0 for L — cc.

To define an asymptotic series, we suppose that each item ay(§) has growth order m — ¢ for || — oo, for
some common m € R.

We say that Y2 ar(€) is an asymptotic series with value s(€) if the following holds:
V L (fixed): [s(€) —sp(€)] = 0 with speed O(J¢|™ " L7Y) for |¢] — oo

Only large L are interesting. This is the only sense of convergence we will have available. To make matters
worse, the limit s(€) is never unique, because you can add some item like exp(—73|¢]?) to s(€).

After all these remarks, we aspire to achieve the following results:

e UDOs and FIOs of order m € R generate maps from H!(Q) into H'=™(1Q), for t € R, possibly under
some extra condition to manage the supports.

e the composition of two UDOs is again a YDO (under some extra condition to manage the support).
And we have an asymptotic series for the symbol of the composition.

e the adjoint operator of a ¥DO is again a $DO (with asymptotic series for its symbol).

e elliptic operators are “almost invertible”. That means that for each elliptic operator P on the full
space R™, we have another operator Q (which is again elliptic) such that PoQ =id —R, and R is a
smoothing operator (its Schwartz kernel is a C* function). We have an asymptotic formula for Q.

e the same holds for elliptic boundary value problems on a bounded domain €2, provided we can define
what an elliptic BVP is. The proof will be much more work.

We will focus on I? based Sobolev spaces, and will give only a few remarks concerning I for 1 < p < oo.
Things would get nasty for p =1 and p = cc.

About the literature: the course follows Chapter 1 of Shubin? [22]. The standard reference is
Hormander® [14], which is a monumental work full of advanced results.

2MIKHAIL SHUBIN, 1944
SLARS VALTER HORMANDER, 1931-2012, Fields medallist 1962



Chapter 2

Tools from Other Parts of Analysis

2.1 The Fourier Transform

2.1.1 The Schwartz Function Space $(R")

Definition 2.1 (Schwartz function space §(R")). The SCHWARTZ' space S(R") consists of all those
functions f € C(R™) with

Pralf) = sup (1+[2]*) |05 f(x)] < oo,

for all k € Ny and all o € N™.

These Schwartz functions are infinitely smooth, they decay at infinity faster than all powers of |z|~!, and
all their derivatives decay at infinity faster than all powers of |z| ™!, too.

We remark that S§(R™) is a complete locally convex linear topological vector space, whose topology is being
generated by a countable collection of semi-norms py o; and therefore it is also a Fréchet * space. This is
useful because for each Fréchet space there is a metric on that space that generates the same topology.
Such metrisable spaces are so much nicer to handle than general linear topological vector spaces. We do
not explicitely write down the topology (understood as a collection of open sets) of §(R™), because this is
quite easy.

Definition 2.2 (Convergence in S(R")). We say that a sequence (p1,92,...) C S(R™) converges to
¢ € 8 in the topology of 8(R™) if im; oo Pr,a(@; — @) =0 for all k,a. We write

S .
0j—>p (j — o0)
for this convergence.

This means that the sequence (1, 2, ...) converges to ¢ uniformly, and all the sequences of derivatives
enjoy uniform convergence, too. The convergence in the topology of 8 is extremely strong and powerful.

2.1.2 The Fourier Transform on L'(R"), §(R") and I*(R")

Definition 2.3 (Fourier® transform on L'(R")). For f € L}R"), we define its Fourier transform
Ff=1rby

() = / (@) de,  EERY, €= o) oot anbn.

n

L LAURENT SCHWARTZ, 1915-2002, inventor of the distributions (after Sobolev), Fields medallist 1950
2MAURICE RENE FRECHET, 1878-1973
3 JEAN BAPTISTE JOSEPH FOURIER, 1768-1830

13



14 CHAPTER 2. TOOLS FROM OTHER PARTS OF ANALYSIS

We introduce the notations

d¢
(2m)™

1
= Tv’ dé‘ =

Proposition 2.4. The Fourier transform has the following properties:

Fel®) = 1fOI<Iflpgny YEERY,
feSRY) = fe8Ry),
LSy = 5
fESRY) = (F(DI)(E) =€ (FNE), VaeN,
foes®) = [ f@g@de= / ()30 e,
]R" R

fg€8R™) = (f-9)&)=(f*9I&),

with x as the convolution operator:

(Fxa)©) = [ Ffn)-a(&—n)dn. (2.1)

R
The penultimate property yields the PARSEVAL* identity:

1/2
By (/glf(f)l%‘m) .V feSRY).

Example 2.5. Take f = f(x) = exp(—22/2) on R'. Then

1z ey = ||

Def(€) = (‘35/ e s f(r)de = /R (—iz)e ¢ f(z)dz = i/]R e 89, f(z) dx

== [ DL @) e = ~(Do)1O) =~ 0.
and this ODE has the solutions
F(&) = cexp(—€2/2),

with an unknown constant ¢ which can be found by

= f = x)dx = e_w2/2 x = (2m)Y/2.
fo = [ s / dz = (2)

x

Example 2.6. Take f = f(x) = exp(—|z|?/2) on R™. Then

f(e) = / ettt f(p) 1‘[ ( / —itey exp(t2/2)dt>
= [[ @) 2 exp(—€2/2) = (2m)"/2 exp(—[€[*/2).
k=1

By repeated substitution we find that f.(x) = exp(—|ez|?/2) has the Fourier tmnsform f6) =
(2m)"/2 exp(—|€ /e|2/2). This function f. has a peak at € =0, and we know that f]R" Fo(6) de = (2m)m.

Proposition 2.7 (Inverse Fourier transform on 8(R"™)). The Fourier transform is an isomorphism
from §(RY) onto 8(RE), and the inverse Fourier transform is given by

pla) = / eHEp()as, we R, pe SR, (22)

4 MARC-ANTOINE PARSEVAL DES CHENES, 17551836
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Proof. We wish to show that

(/

for all p € §(R™) and all z € R™. However, the integral on the RHS does not converge absolutely, so we
cannot swap the integrals.

Pick some 1 € §(R™). Then we get

/R rplei = [ ( /}R
-/

Now let us replace () by ¥(gf), for some positive €. Then we have to replace the Fourier transform
¥(y) by e ")(y/e), and it follows that

o) = [

i @) Ep(y) dy) de,

n
Y

n
3

@V E (g dy) P(€)dE = e(y) (/

Ry

T E(g) d§> dy

n

3

n
Y

o)y — ) dy = / oz + 1)d(y) dy.

R

n
13

n n
Y Yy

| esptemeoae= [ otwrnemi (L) ay (23)

4 R
— [ o+ i,
Ry
We send ¢ to +0 and apply the Convergence theorem of Lebesgue, which yields
00) [ @) dg = (o) [ D).
Ry R}

And now we can choose ¢ like this: () = exp(—3|¢[?). Then we have ¢(0) = 1 and ¢(y) =
(2m)"/ 2 exp(—4|yl?), as well as [, P(y)dy = (2m)". C

Corollary 2.8. From (2.3) we immediately obtain

[ ovde= [ pian (2.4)
by setting x =0 and ¢ = 1.
We have only shown that the Fourier transform is an isomorphism between algebraic vector spaces.

However, Proposition 2.4 enables us to quickly prove that the Fourier transform is also a topological
isomorphism (exercise).

Example 2.9. Take f = f(x) € [}RY) with f(x) =1 for 0 <z <1, and f(z) =0 for all other z. Then

. 00 . 1 . _ i€ N
f() = / e f(2) da = / e gy — L2 €#0).,  f(0)=1,

=—00 z=0 1€

and this is a continuous function on R, but f does not belong to Ll(R%) because it does not decay fast

enough for & — oo. Unfortunately, the inversion formula (2.2) has no meaning as an integral in L' (RY).
However, the next lemma will give a positive result.

Lemma 2.10 (Inverse Fourier transform for some non-smooth functions). Let f € L['(R!) be
continuous, except a finite number of jumps. Then

1 R ing F ) fl=) : [ is continuous at x,
27 R’lgnoo §:7Re e de= {;(f(x—i—O) + f(x—=0)) : f jumps at x.

Proof. This is quoted from [7], Satz 8.2. O
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The space I?(R") is of great physical importance because it has a scalar product, in contrast to L' (R").
The Fourier transform is not yet defined on I?(R™) because there are functions in I?(R") which are not
in L}(R™). The definition of F on I?(R") will be made possible by S(R™) being sequentially dense in
[?(R"): for each f € I*(R"), there is a sequence (f1, fz,...) C 8(R™) with lim; o0 [|fj = f]l ;2 (gny = 0.
And because §(R") is a Fréchet space (and I*(R"™) is a metric space), we are happy because in this setting
sequentially dense means the same as topologically dense (the topological closure of the smaller set is the
bigger set).

Definition 2.11 (Fourier transform on I[?(R")). For f € I*(R"), let (fi,fa,...) C 8(R") be a
sequence approximating f. Then we define

f(&) = lim f;(€).

Jj—o0
This limit is independent of the choice of the sequence (f1, f2,...). The convergence of the sequence

(fi, f2,...) in the norm of I? (R) follows from the Parseval formula.

We draw an intermediate summary: the difference between the Fourier transform F and the inverse
transform F~! are the exchange of exp(+iz - ) against exp(—ix - £), and an additional factor (27)~".
Then it is no surprise that similar rules as given in Proposition 2.4 hold also for the inverse transform,
and in particular we mention

Fe (- 9) (@) = (f +9) (@),

with the convolution in the z—world defined as

(fxg9)(x):= [ [f(y) g(z—y)dy.

n
R Yy

Note that the differential is now dy, instead of dn asin (2.1).

2.2 Distribution Theory

This chapter is following [14]. Another nice presentation can be found in [28], and a further approach
(which is quite nice from the functional analytic aspect) is in [18]. Compare also [26] and [27].

2.2.1 Purpose

In this chapter, we assume 2 C R™ to be a domain (hence open and connected), not necessarily bounded.
We make no assumption on the regularity of the boundary 0f2.

We wish to define generalised functions (called distributions) with the following properties:

e every “reasonable function” over {2 can be understood as a distribution, where “reasonable” could
mean L} (Q);

e every distribution can be differentiated as often as we want, and the result is again a distribution;
e we have a meaning of a distribution being the limit of a sequence of distributions;

e we have various operations that we can let act upon distributions (adding them, multiplying them
by numbers and by smooth functions, computing their Fourier transforms);

e these operations are continuous in a sense of appropriately chosen topological vector spaces.

Unfortunately, we have a price to pay: it will not be possible to define products of distributions. In that
sense, the distribution theory will always be a linear theory.
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2.2.2 Test Functions and Distributions

Definition 2.12. Let A and B be subsets of R™. We write A € B if the closure of A is a compact subset
of R™, and the closure of A is contained in the interior of B.
After this preparation, we can start:

Definition 2.13 (Test function space D(Q2)). We set

C§(Q) ={u: Q —= C: u is infinitely often differentiable, suppu € Q},
and we write D(Q) := C§°(Q). We define a convergence in this space as follows: we say that a sequence
(¢j)j—o0 converges to ¢ in D(Y) if there is a compact set K € Q with suppy; C K for all j, and

lim sup |07 (;(x) — ¢ (z))| = 0

)7 zeK
for all multi-indices o € N™. This convergence is also written as

D .
pj =@ (j = ).

Obviously, D(Q2) is a vector space over the field C. Tt is also a topological vector space, but we make no
attempt at explaining what its collection of open sets is, because we do not really need it, and we only
mention that the gory details can be found in Section 4.6 of [15], or in Appendix B of [13]. Unfortunately,
D(Q) is no Fréchet space.

Now we are in a position to define distributions:
Definition 2.14 (Set D’(Q2) of distributions). The set

D'(Q) ={T: D(Q) — C: T is linear and sequentially continuous}
is called set of distributions over €.

Clearly, linearity means T'(ap + fv) = oT(p) + BT () for all a,f € C and all p,1 € D(Q); and the
sequential continuity means that lim;_,., T'(¢;) = T(¢) for all sequences (¢;),— oo With

) .
p;j — ¢ (j = 00).
We quickly check that D'(Q2) is again C vector space (even a topological one).

An equivalent definition is this one (without proof of equivalency):

Definition 2.15 (Distribution space D'(2)). A linear set T: D(2) — C is called distribution if: for
each K € Q there are constants C € R, k € N with
TP <Cllellery V9 eCi(Q),  suppyp C K.

If we can choose the same number k for all compact sets K, then the smallest such k is called the order
of T.

Example: Let f € C(Q) and T(p) = [, f(z)p(x)dz for ¢ € C3°(). Note that f can have arbitrarily
strong singularities at the boundary of Q. Obviously, we could relaz the assumption on f to f € I} (Q),
which means f € [}(K) for each K € Q.

Example: Pick zg € Q and o € N". Then we set T(p) = (0%¢)(xo) for ¢ € C§°(Q).

Example: Let (z1,2,...) be a sequence in Q with limit on the boundary 0. Let (oM, a®),...) be a
sequence of multi-indices, and choose a sequence (ay,as,...) in C. Then we define

(o)=Y a; (05" 0)). ¢ CF(Q).

For fized ¢, this series contains only a finite number of non-vanishing items. Because the sequence of
integers |a(3)| may be unbounded, this distribution T perhaps has infinite order.

Every function f € Lj,.(Q) generates a distribution Ty according to the formula Tf(¢) := [, f(z)¢(x) dz.

We quickly check that this map f +— T is injective. And this concept is so important that it deserves a
name: T} is called a regular distribution.

It is in this sense that we consider distributions as generalised functions.
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Proposition 2.16 (Dirac—distribution®). Assume 0 € Q. Pick f € C§°(Q) with [, f(x)dx =1 and
f(x) >0 for all x € Q. We then define

1 x
Then we have lim._, o [, f(x)p(x) dz = ©(0) for all ¢ € C§°(Q).
Proof. Exercise. O

That distribution which maps a test function ¢ to its value at x = 0 is called Delta Distribution of Dirac.
We observe that this distribution can be approximated by a sequence of regular distributions T, , in the
sense of convergence in D’, which we define now:

Definition 2.17 (Convergence in D’). A sequence (T1,Ts,...) of distributions converges to a distri-
bution T € D'(Q) if lim; o0 Tj(¢) = T() for each ¢ € D().

In other words, the vector space D’(§2) is being equipped with the weak-* topology.

Every distribution can be approximated by regular distributions:

Proposition 2.18. Let T € D'(2). Then there is a sequence (f1, fa,...) C C5°(Q) with lim; o Ty, =T
in D'(Q), in other words

lim [ fi(x)p(x)dz =T(p),  Vpe 5 (D).

j—oo Jo
This can be expressed as D() being sequentially dense in D’ ().

Proof. See [11], volume 1, Theorem 4.1.5. O

2.2.3 Operations for Distributions

Up to now, only a few operations have been defined in D’(£2), namely addition, and multiplication by
numbers.

Now we will define:

e multiplication by a smooth function of C*°(£2),

e differentiation.
And we choose the definition in such a way that

e we get the old meaning back if the distribution under consideration is a regular distribution generated
by a smooth function;

e the operation is a continuous linear operation from D’(€?) into D'(2).

Let T € D'(Q2) be given, and take a sequence (f1, fa,...) C C§° () with

T() = Jim [ filap@)dn, Ve e CF@),

j—o0
which we can abbreviate as T, DL T for J — o0.

For some function a = a(x) € C*°(£2), we wish to define aT' € D’(€2), under the condition (aTY,) 2 ar
for j — oo, which is equivalent to

(aTy)(p) = (aT)(p), (j—00), Ve OF(9).

5 PAUL ADRIEN MAURICE DIRAC, 1902-1984
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Now af; € C§°(Q2) allows to rewrite the LHS into

(@3,)(¢) = [ a@)fy @) -o@)ds = [ f(@)- alohpla)de = Ty, (ap) > Tlap) (G = o)

And this therefore enforces the following definition:

Definition 2.19 (Multiplication of a function and a distribution). Let T € D'(Q) and a € C*(Q).
Then we define a distribution o € D'(Q) by means of

(aT')(p) == T(ap), ¢ € C5° ().

Remark 2.20. The product aT can also be meaningfully defined for a,T € D'(Q) under the assumption
sing-supp a N sing-supp T' = 0, with the singular support defined below in Section 2.2.5. Otherwise it gets
tricky: it can be shown that it is not possible to define a multiplication of distributions in such a way that
the law of associativity holds, and that we get the classical multiplication back in case of functions. A
partial remedy are the COLOMBEAU-algebras (which we don’t have time for, unfortunately).

Next we intend to define 93T, under the above two conditions. In particular 93T, 2, 05T, which means

(82Ty,)(9) = (B2T)(0), Ve € CF(9).

And again, we can rewrite the LHS into

(33Tfj)(90):/ﬂ(3§‘fj(x)) (z)de = ( ‘“'/f 2))dz = (~1)lITy, (989) = (-1)*IT(05).

Hence we must define:

Definition 2.21 (Derivatives of distributions). Let T € D'(Q) and a € N". Then we define a
distribution 03T € D'(Q) as

(02T)(p) = (=1)"IT(35¢), v € CF(Q).
Remark 2.22. [t holds 920°T = 0202T.

Proposition 2.23. The mappings T — aT and T — 03T are linear and continuous as mappings from
D'(Q2) into D'(Q).

Proof. This follows directly from Proposition A.20. O

Example 2.24. Let H: R' — R! be the HEAVISIDE® function, defined as

1: 2 >0,

Then H' = §. You can also choose H(0) =1, and again you get H' = 4.

We introduce a notation.

Definition 2.25. For a distribution T € D'(2) and a test function ¢ € D(Q), we let
(T, 0)pryxpa) €C
stand for the T(p), which is the result of applying the distribution T to the test function .

In case T is a regular distribution generated by a function f, we get
<Tf ‘P>®/(Q)XD f( ) ( )d33~

Then we have the identities
(T, ) pr(20)x (@) = (T509) p/(20)xD(02) > TeD'(Q), ¢eDQ), aeclC>(Q),
(02T, 0)prayxn@) = (—nli(r, P pr)x (@) TeD'(Q), ¢eDQ), aeNg.

6 OLIVER HEAVISIDE, 18501925
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2.2.4 Fourier Transformation of Distributions

We wish to explain what the Fourier transform of sin(z) or 22 is. Unfortunately, these functions belong
neither to I} (R™), nor to I?(R™) or §(R™). At least, they have at most polynomial growth for |z| — oo.

We now follow the (at the beginning confusing) convention of writing a slowly growing function f and
its associated Schwartz distribution Ty € D’(R") by the same symbol f. Then the expression f = f(-)
becomes ambiguous (the dot could be an x or a test function ¢), and we resolve this equivocation by
writing (f, ¥)q . When we apply the distribution T € D’ to the test function ¢ € D.

In the same way we have defined a distribution space D’(€2) as the topological dual vector space of D(2),
we now define one more distribution space 8'(R™) as topological dual vector space of S(R™):

Definition 2.26 (Schwartz distributions). A map T': $(R™) — C is called a Schwartz distribution if
it 1s linear and sequentially continuous. Here sequential continuity means that

if 8, p  then lim T(p;) =T(p).
Jj—o0
We introduce the notation
<Ta ()0>§'><S = T(¢)7 T € S/(Rn)7 (P € S(Rn)

as we did for D'. The set (it is even a vector space) of all Schwartz distributions is denoted by 8'(R™).

Example 2.27. The Delta distribution located at a point xo € R™ is a Schwartz distribution:

610 (90) = <610’<)0>8’><8 = @(xo)v wE S(Rn)

Example 2.28. Fach function f which is piecewise continuous and grows at infinity at most polynomially
generates a Schwartz distribution T} :

Ty(p) = A f@)p(z)dz, ¢ eS(R").
Ezxponentially growing functions f will in general not generate a Schwartz distribution, but the devil is in
the detail (more on that below). Anyway, since typically only a moderate growth of f is admissible, these
distributions are often called temperate distributions’.

Why do we need yet another space of distributions ? We clearly see that D(R™) is “smaller” than S(R"™),
so we may conjecture that D'(R™) is “bigger” than 8'(R™) (more on that below), and the hope is that
8’(R™) has less “monsters” than D’(R™), which makes 8'(R™) easier to handle than D’(R™). Well, why
did we introduce D and D’ then ? The answer is that § and 8’ can not be defined on domains 2, only on
R™. If we are only interested in pseudodifferential operators on the full space R™, then we can indeed skip
the discussion of D and D’. A second motivation for defining D’ is the Schwartz kernel theorem coming
later.

Now we figure out the relations between D(R™) and 8, and between D'(R™) and 8'.

Lemma 2.29. The test function space D(R™) is sequentially dense in S(R™), and the embedding operator
18 sequentially continuous.

Proof. Exercise. You have to show:

Vo e8RY) 3 (1,1a,...) CDRY): ;¢ (j — 0);
Y (1, n,...) CDRY), Ve DR™): o )y (= 00) = ¥ ¥ (j = 0).
0

Therefore, every linear and sequentially continuous map from $(R™) into C is also a linear and sequentially
continuous map from D(R™) into C. This gives us 8'(R™) C D’(R™) as a subset relation.

7 Perhaps you will read sometimes the expression tempered distribution, even written by a native speaker of English.
Such authors have no taste.
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We make the agreement

IfT € 8'(R") and p € D(R™) then (T, )g/ s = (T @) pr®n)xn®N)-

We have even more: that map which reads some T € 8'(R™) as an element of D’(R™), is injective. Because:
assume 77,75 € 8'(R™) are equal as elements of D'(R™). This means (by definition) (T1,%) 5, ¢ =
(T2, %) gy, o for each ¢p € D(R™). Choose some ¢ € §(R™). Then there is a sequence (11,12, ...) C D(R")

with 1, N . Then we get

3 8
<T17<P>5/xs — <T1a¢j>s/x5 = <T17wj>D/><D = <T2’wj>’D’><D = <T27¢j>5/xs — <T2a<p>8/><5’
which implies (T, 9)g/. s = (T2, ¢) g/« s, hence Ty = T as elements of 8.

Corollary 2.30. We have the continuous embedding 8'(R™) — D’(R™).

We can also lift these considerations onto a more formal level. The natural inclusion map ¢: D(R™) —
S$(R™) is injective. And it is sequentially continuous (every sequence in D(R™) that converges in D(R™),
also converges in 8(R™)). And 8 is a Fréchet space, and the topology in D has been designed in such a
way that then ¢ is continuous in the topological sense. We have shown above that ¢ is also a sequentially
dense embedding, which makes the transposed map ¢*: 8'(R") — D’(R™) injective. And the transposed
map ¢! is always continuous (when we equip 8’ and D’ with their weak-* topologies). By definition of ¢!,
we have

<T7 L(ID>8’><S = <LtTa (p>DI(R’n,)XD(Rn) ) VT € Sl(Rn)v v 4 € .D(Rn%

which is the boxed agreement from above in a different notation. Hence ¢! is indeed the map that restricts
the domain of a 8’ distribution from 8 to D(R™).

Now comes the crazy example of a function with exponential growth that is still a member of 8:
Lemma 2.31. The function f = f(x) = exp(x) - cos(exp(z)) = 0, (sin(exp(z))) generates a distribution
Ty € 8'(R) in the sense of

Ty Plsres = Jim [ J@)ela)d

Proof. This follows from

=R

r=—R

[ rayeta)de=sinfexp(@) - ola)| < [ sinfexp(@) - (o) do
lz|<R lz|<R

hence

(T, @)grvg = — /]Rl sin(exp(x)) - ¢’ (x) dz.

O

The reason is that there are two types of integrals in R™ that have to be distinguished. One is the usual

Lebesgue integral as in the definition of I!'(R™), the other is limg o0 f‘xKR ... dx. These are not the

same, as can be seen from the function g(z) = which is integrable in the second sense, but not in
the first (recall that if g were a member of L' (R™), then so would |g|).

sin(x)

Now we define the Fourier transform in 8’. To this end, we recall (2.4), which can be recast into
(F.9), =(Fdlsns,  foeS®.
8'x8

Keep in mind that a distribution from 8'(R™) need not be a function; it could be also a Delta distribution.
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Definition 2.32 (Fourier transform on 8'(R")). For a distribution T € 8'(R™), we define its Fourier
transform T € 8'(R™) via

<T’¢>S’xs = (f,P)srxs Vo € 8§(R™).

We also write FT in place of T.

Example 2.33. What is 6 ?

(B0}, s = G Poxs =00 = [ 0% pla)do = (Lp)sivs-
8'%x8 n

Answer: the Fourier transform of Dirac’s delta is that function which is one everywhere.

Lemma 2.34. The Fourier transform is a topological isomorphism from 8'(R™) onto 8'(R™). Taking a
derivative 0% maps 8'(R™) continuously into itself. Multiplying by a € C°°(R™) maps continuously from
8'(R™) into D'(R™) (even into 8'(R™) in case of a € C;°(R™)).

Proof. Repeated application of Proposition A.20. O

Lemma 2.35. The formula (D2 f)€) = £ f(€) holds also for f € §'.

Proof. From f € 8'(R"™) we get D¢ f € 8'(R™), and then also F(D2f) € §'(R™). Take some arbitrary
¢ € 8(R™). Then we have

(F(DZf),)grxs = (Da f,F (@) g« because of Definition 2.32
= (=)l (£, DEF(p)) g v s because of Definition 2.21 and Lemma 2.34
= (f,F(x%p(x)))g/«s from a variant of Proposition 2.4
=(F(f),z%(x)) g «s from Definition 2.32

= (a*f(@), o))

8/(R7)xS(R7) |

Now we only have to rename x to &. 0

2.2.5 Support of Distributions

For functions f it is nice to know,

e where they have non-trivial values (support of f, supp f),

e where they have singularities (singular support of f, sing-supp f).

We say that a function has a singularity at a certain point if it is there not infinitely differentiable.

We wish to extend these notions to distributions, in such a way that the old meaning and the new meaning
are compatible for regular distributions.

Definition 2.36 (Support suppT). Let T € D'(Q). We say that a point xo € Q belongs to the support
of T (xo € suppT') if for each open neighbourhood U C Q of xg, there is a function ¢ € D(U) with

(T, ) pr()yxp() # 0

Another wording: zo & supp T if and only if there is an open neighbourhood U of xq such that U C Q
and (T, ) /(o) xp(o) = 0 for all ¢ € D(U).

Definition 2.37 (Singular support sing-suppT). Let T € D'(Q). We say that a point o € ) does
not belong to the singular support of T (xo & sing-suppT) if an open neighbourhood U C Q of x¢ and a
function f € C*(U) exist with (T, ) (qyxn(0) = Jo f(x)e(x) dz for all p € D(U).
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This means: in a neighbourhood of xz, T is identical to a regular distribution that is being generated by
a C'* function.

Another wording: z; € sing-supp 7" if and only if there is no open neighbourhood U of x1, for which the
restriction of T' to U equals a C'*° function.

Here we have defined the restriction Ty of T to U by means of (v, ©)n 1y xp(u)y = (T @) pr(q)xp(a) for
all p € D(U) C D(Q).

Now we take a PDO P = P(z, Dy) = 3|, <m @a(®) D7 with coefficients aq € C°°(€2). Then we clearly
have, for each function u € C™ (), that

sing-supp(Pu) C sing-supp u.

Later we will learn that equality holds in case P being an elliptic PDO.

Sometimes the following is useful:

Proposition 2.38. Let T € D'(Q) be a distribution of order k with support suppT = {xq} € Q. Then
there are numbers a, € C for |a| < k such that

(T, </7>fD/(Q)XD(Q) = Z aq - (97 ¢)(@0), Vo € D(2).
lee|<k

Proof. See [14], Volume 1, Theorem 2.3.4. O

2.2.6 The ScHWARTZ Kernel Theorem

We start with some preparations. Consider the vector spaces R” and R™. How do linear maps X from
R™ into R™ look like 7 We know that each such linear map X is being generated by a matrix K, in the
sense of

(Ku); = ZKjiuz', YueR" Vje{l,...,m}.

=1

Now we ask for all linear maps X from I?() into I*(Q2). Reading (j,4) as (z,y) and ) as [, we guess
that the answer might be

(Ku)(x) z A K(z,y)u(y) dy, u € L2(Ql), z € N

This guess is true provided that we require X to be a continuous map between the two normed spaces,
and provided that we allow K to be a distribution from D’(€; x Q3). Then we will have to define what
this formula actually means.

However, for practical applications we want more. The requirement that X be a continuous map from
I2() into I?(£s) will for instance exclude differential operators, which would be embarrassing because
this whole course is about differential operators. The good news however is that the Schwartz Kernel
Theorem applies even to linear maps X from D(Qy) into D’'(£22) that are continuous in the respective
topologies. Every operator we will ever be interested in does satisfy this condition.

Now let us get more rigorous.

Definition 2.39 (Tensor product of functions). Let Q3 C R™ and Qy C R™ be domains. For
functions u; € C(Q;), j = 1,2, we define their tensor product u1 @ us € C(21 x Q2) as

(w1 ® ug)(x1,x2) = ur(x1) - ua(x2), (1,22) € Q1 x Na.
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Now let us consider a function K = K(z1,22) € C(Q1 x s), and we define
(Kp) (1) := | K(z1,22)p(22) drs
Qo

for any function ¢ € Cy(£22), which is defined as the space of continuous functions with compact support
in Q5. Then we have Kp € C(Q1). Observe that K may have arbitrarily strong poles for x; — 9€; or
To — 892

If we pair this equation with some ¢ € Cy(£21), then we get

/ (K)(@1) - (ar) day :// K(@1,22) - (0 ® 9)(@1, 22) day das.

Ql Ql XQQ

Now we may read the left factor in the integrand of the LHS as a distribution. This shall help us in
understanding the meaning of the Schwartz Kernel Theorem.

Theorem 2.40 (SCHWARTZ kernel theorem).
1. Let K € D'(1 x Q3). For each ¢ € D(2), we define a distribution Ky € D'(Q1) via

(Ko, V)i () xpn) = ¥ @ ©)pr(0) x02)x D (01 x9) » ¥ € D((h).

Then the following holds: this map ¢ — K is linear and sequentially continuous from D(Qs) into
D'(21) in the following sense:
If o, 20 0, then Ky, P80 (both for j — o0).
2. Let X be a map from D(2) into D'(Qy), which is linear and continuous in the above sense. Then
there is exactly one distribution K € D'(Qq X Q2) with
(Ko, V) vy yxp01) = U @ 0)pr() x00) x D (021 x9) 2

for all ¥ € D(Q) and all ¢ € D(Q2).
This distribution K is called kernel of the operator K.

Proof. See [14], Volume 1, Theorem 5.2.1. O

Example 2.41. Let Q1 = Qo and K = p, which makes K be the identity map. Then we have (Kp, ) =
le o(z1)Y(x1) dzr, and the distribution K turns out to act like this,

(K, @)1y (0, x01) x D (01 x01) :/Q O(xy,21)dey,

on test functions ® € D(Qy x Q). The support of the kernel K is the diagonal:
supp K = diag(Q x Q1) :={(z1,21) € 0 x Q: 1 € N }.

Observe that K is no function or regular distribution. In physicists’ jargon, we have K(x1,22) = 0z =z, -

2.2.7 Smoothing Operators

What happens if the Schwartz kernel K is a C°° function ?

Unfortunately, we need more test functions and more distributions.

Definition 2.42 (The test function space & and its topology). We define E(Q) := C*(Q), equipped
with the semi-norms

g Y sup [0%p(x)],

la|<m zEK

where m € N, and K € Q runs through all compact sets. We endow that space with the locally convex
topology that is being generated by these semi-norms.
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Since it suffices to take a countable selection of compact sets K, € turns out to be a Fréchet space.
Definition 2.43 (Distribution space &'(f2)). We define a set

&'(Q):={T eD'(Q): suppT € Q}.
The elements of &'(2) are called distributions with compact support.

This is just a set, for now. Next we define how to apply T' € £'(£2) to some ¢ € C°(£2). The trouble is
that typically ¢ & C§°(9).

To this end, we choose compact sets K; and Ky with
suppT € K, € Ky € (),

and we choose a cut-off function ¢ = ¢ (z) with ¢ € C§°(Q2) and suppy C Ky as well as ¢) = 1 on Kj.
Then we define

T(p) = (T, ¥0) pr(ayxd(9) - ¢ € C™(Q).

This construction gives us a complex number that does not depend on ¢ or the choices of Ki, Ks.
Because let K1, Ky be other compact sets, and let 1) be another cut-off function (with the same properties
as above). Then we have

<T, ¢¢>®’(Q)><D(Q) = (T, ¥0)pr () xD(02)

owing to supp T N supp(z[up — ) = 0.
We see that every T' € £'(Q) generates a linear map from &(Q2) into C (nothing said about continuity).

Proposition 2.44. The vector space &'(Q2) coincides with the topologically defined dual space of the
Fréchet space E(S2).

Then we may introduce the notation

(T, 0)er)xe@)
with the meaning T'(¢) defined above, for T' € £'(Q2) and ¢ € E(Q).
We remark that, by this very construction, we have the compatibility

(T, 0)eryxe@) = (T @) pia)yxn@) Te&'(Q), peDQ).

Now we come to the key result that can be paraphrased as “smooth kernels generate smoothing operators,
and vice versa”.

Theorem 2.45 (Smoothing operators).
1. Let K € C®(Qq x Q3), and define X: D(Q3) — D'(Q4) by
(Ko, V) pr(ayxpian) = K @), Vo € D(Q2), v € D(h).
Then the operator X can be continuously extended to a linear map
K: &(Q2) = ()
by means of

(Ke)(@1) := (o, K(21, ) er(p)x () » €& (), z1 €. (2.5)

2. If K: €'(Q3) — E() is linear and continuous, then there is exactly one K € C®( x Q)
with (2.5).
Example 2.46. Choose Q2 = R™. Let (Ky)(z) = (¢ * f-)(z), for ¢ € L}, (R™), and f.(z) = e " f(z/e),
where f e C§(R™) with f(x) >0 for all z € R"™, and [, f(x)dz = 1. In other words

(Kep)(z) = - fe(z —y)p(y) dy,

and this integral operator has the kernel function K(x,y) = f.(x —y), which is obviously smooth, and it
has its support in a tubular neighbourhood of width O(g) about the diagonal of R™ x R™.
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2.3 Integral Operators

2.3.1 Convolutions

For integrable functions @1 on s on R™, we define their convolution ¢ * w2 on R™ as

(1 % 92)(z) == / o1(z - 1)pay) dy,

H
provided this integral exists in the Lebesgue sense.

It is easy to show using substitution that the convolution is commutative if one factor has compact support.
And the convolution is associative if two factors have compact support, which can be shown by FUBINI®.

It is common belief that the “the convolution is associative whenever all integrals exist”. Well, the devil
is in the detail. The following counter-example has been provided by Rupin? [19].

Example 2.47. Take a function ® on R,

21—2)2 :0<zx<1
q)(x)::{SOx( x) 0<z<1,

0 : else,

and define f(z) :=1 for all z € R, g(z) := ®'(z), and h(z) := [*__ ®(t)dt.
Then we calculate

oo

o) = [ fe-vewar= [ gwar= [ gway= e -0 -0

Yy=—00 =0
and therefore (f x g) * h =0 on R.

On other hand, a partial integration reveals

=—0C

(g% h)(x) = /oo oz — y)h(y) dy = / ¥ (x — y)h(y) dy

——ve-ph)| "+ [ e

y=z—1 y=z—1

= [ ee-vedy

y=x—1

which is positive whenever 0 < x < 2. The conclusion then is (f * (gxh))(x) > 0 for all x € R.

Find what went wrong !

The following presentation is guided by [14, Volume 1].

Lemma 2.48. If p1, ..., pr € [1,00] are Lebesgue exponents, with p% +... 4+ pik =k—-1+ %, for some
q € [1,00], and 1, ..., @ are integrable functions with compact support, then

o1 % 2 % - - - <Pk||Lq(]Rn) < ||<P1HL;D1(Rn) oo llenll (R™) -
Proof. This is Corollary 4.5.2 in [14, Volume 1]. O

Lemma 2.49. Let Q = Q1 X Q. Take u; € D'(Q) and ¢ € D(Q). Then the function
Ty > P(22) = (u1, 0(, 22)) b0, ) x D (1)

is a member of D(Q2), and we have, for each «,
5§2¢($2) = <U1,5§2¢('a$2)>@«(91)xg(91) .

The same holds with u1 € £ (1), ¢ € E() and ¢ € E(a).

8GuIpo FUBINI, 1879-1943
9WALTER RUDIN, 1921-2010
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For a proof, it is recommended to go back to the definition of derivatives as limits of quotients of differences.
Definition 2.50. For a distribution u € D'(R™) and a function ¢ € D(R™), we define their convolution
(ux* @) (x) = (u, p(x — ')>D’(R")><D(R”) :
By the previous lemma, this is a smooth function, depending on = € R™.
Lemma 2.51. If u € D'(R™) and ¢ € D(R), then u*x p € C°(R™), and we can differentiate like this:
D¥(ux ) = (D%) *x ¢ = ux* (D%p).
Proof. This is Theorem 4.1.1 in [14, Volume 1]. O
Lemma 2.52. If ¢, ¢ € D(R™) and u € D'(R™), then
(ux @) x = (p*1h).
Proof. This is Theorem 4.1.2 in [14, Volume 1]. O
Corollary 2.53. Let u € D'(R"), and ¢, ¥ € D(R"). Put w(y) = ¢(—y). Then
(u = 9071/}>’D/(]R")><‘D(]R") = (u,w * ¢>DI(Rn)x'D(Rn) :

Proof. Put ((y) := ¥(—y). Then we calculate

<U*w,¢>9/(Rn>x@(Rn)=/ (uw)(y)~w(y)dy=/]R (u*)(y) - C(0—y)dy

n n
]Ry Y

= (W) =€) (0) = (1w (9 ) (0) = {u (9 + (O = )y em ey
(0w = [ e@iy-2di= [ p@u+d= [ o2 - s

RZ RZ RZ
= [ ety =2)az = v,
which completes the proof. O

Definition 2.54. Let uy, us € D'(R™), and one of them has compact support. Then uy * ug is defined as
that uniquely determined distribution uw € D'(R™) for which

up *k (ug x ) =u*xp, Voe DR").

The discussion in Section 4.2 of [14] shows that such a distribution u indeed exists uniquely.

The convolution of two distributions is commutative provided at least one of them has compact support.
The convolution of three distributions is associative provided at least two of them have compact support.

Proposition 2.55. Let uy € &' (R™) and uy € 8'(R™). Then uy * uz belongs to 8'(R™), and its Fourier
transform is

(u1 * UQ)A: ’(11112.

Proof. This is Theorem 7.1.5 in [14, Volume 1]. Note that 4; € E(R™) (it is even analytic) because u; has
compact support. ]

It should be clear that for each function ¢, we have ¢ * § = . Now let u be a distribution. Then
(D%u) x o =ux (D) =ux* ((D%) *§) = ux ((D*0) * p) = (ux D) * ¢,
which holds for all ¢ € D(R™). The result is then D*u = u * D*J.

Now we take two distributions, u; and us, and one of them has compact support. Then
D(uy x ug) = (ug x ug) * DG = ug * (ug * DY) = ug * D%us.

Similarly, we show D*(uj * ug) = (D%uq) * us.
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Definition 2.56. Consider a PDO P(D) =}, <,, aa D with constant coefficients ao € C. A distri-
bution E € D'(R™) is called fundamental solution for P if

P(D)E = 0.

Theorem 7.3.10 in [14, Volume 1] guarantees that such a fundamental solution always exists, and it is a
distribution of finite order.

The key purpose of the fundamental solution F is an easy formula for the solution u to Pu = f:
T(D)(E*f) - (TP(D)E) «f=0xf=f  fe&®RM. (2.6)

Therefore, u := E x f solves Pu = f provided f € &(R™). In the many examples in the motivation
Chapter, the distribution F was typically a function (and called K), and we have seen there many
convolution integrals.

And also, for a distribution u € & (R™), we have
E x ((P(D)u) =P(D) (E * u) = ((P(D)E) xu=0%u=u,

which means that Fx is at the same time the right-inverse operator and the left-inverse operator for P(D),
but on &(R™). Nothing has been claimed about D’(R™) or 8'(R").

We apply the theory of convolutions to tensor products of distributions, which we will define soon:

Lemma 2.57. Put  := Qy x Qo, where Q3 C R™ and Qy C R™. Given uy € D'(Q1) and ug € D'(2),
there is at most one u € D'(Q) with

(U, 01 @ 92) iy xp() = (U1, 91) D10 x D)) ° <“2»902>®f(92)x93(92) J V; € D(Q;).

Proof. Suppose u € D'(Q) and (u, 1 @ p2) = 0 for all p;, ps. Choose K € Q. Take x1 € D(Qy)
and y2 € D(Q2) with x := x1 ® x2 = 1 on K. Then yu € D'(Q) with compact support in €, hence
xu € &'(R™). Take an even function ¢ € D(R"), ¢ > 0, [p, 1(z)dz =1, and consider

U_ (21, 20) := & 2"p(x1 /) - (2 /e), 0<e< 1.

For small € and # € K we then can conclude
((XU) * ‘IIE) (@) = (xu, Ve(z — ')>D’(R2")><‘D(R2") = (u, x(")¥e(z — ')>D’(Q)><®(Q) =0, (2.7)
because x(-)¥.(x — -) has tensor product form.
On the other hand, take any ¢ € D(Q) with supp ¢ C K. By Corollary 2.53, and ¥, being even, we have
(Oxw) * We, ) s 0y (i) = (XU * ey @)y oy p(r2ny = (XU We * Q) s (R2n) o (R2M) 5

and W, x o converges, for € — +0, to ¢, in the topology of D(R?"). The result then is

Jim {Ocu) * Ve, @) pe(r0yxep () = (XU ) (many xep () -

Reconciling this with (2.7) then requires xyu = 0 on K. But K €  was arbitrary. O

Lemma 2.58. Put  := Qy x Qo, where Oy C R™ and Qy C R™. Given u; € D'(Q1) and uy € D'(2),
there is exactly one u € D'(Q) with

(u, o1 @ <P2>D/(Q)><D(Q) = <U17%01>@f(91)xp(91) ’ <U27902>93f(92)x9(92) ) Vip; € D(Y).
Proof. Define some linear map u: D(Q2) — C, applied to ¢ € D(Q), by

u(p) = <U1(1 ), (u2(t), o(: ")>CD’(QQ)><’.D(92)>D,(QI)XD(QI)' (2.8)

From Lemma 2.49 we obtain the continuity of v as a map from D(Q) to C. O
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Definition 2.59 (Tensor product of distributions). Under the notations of Lemma 2.58, we define
the tensor product u := uy @ ug by (2.8).

There is no reason why wu; has to be the “outer” distribution and us the “inner”. Swapping them gives
the same u, and this observation is written as u; ® us = us ® u1. Some people call it FUBINI.

Example: Take u; = f € D'(R™) and us =1 € D'(R™). Then we have, for all p € D(R™ x R™),

<ﬂ%4

By density, the seven D may be replaced by seven 8.

n
Y

s@(-,y)dy> =/R (FC) e 9) pr @y xp () Y-

D’ (R™) x D(R™) Y

2.3.2 Integral Operators on Domains

We generalise the convolution integrals.

Proposition 2.60. Let @ C R™ be a domain, and let K = K(x,y) be a measurable function on Q x Q.
Suppose that

Yy € Q: / |K (z,y)|dz < Ch, Vo € Q: / |K (z,y)|dy < Cs.
Qz Qy
Then the integral operator K, given by

(Kw@%=l;K@wW@Ny (2.9)

has the bound

1 1 1 1
1Kul 0y < C1PCY Nl oy, 1<p< 0, Sro=tL (2.10)

Proof. The cases p =1 and p = co are left to the readers.

Choose some function v € L1(2), and put

7;:1/92K@awuwﬁmwdmdy

For some t € (0, 00), estimate the product u(y)v(x) in the integrand according to the principle

q

1 1 111
w| = |tu - —v| < —|tu - |=v| ,
luv| = |t < —|tul? +

t D q|t

resulting in

q

Cy||1
—|[=v
q

Cq
T, < = ||tu|”
T,| < » w7 ) + 7

L1 (Q) .
Now minimise the RHS over ¢, resulting in
1/p ~1
Tl <GP0l oy 1] oy -

The mapping v — T, from L[4(Q) into C, is linear and bounded, hence an element of the dual space
(L7(€2))', and its operator norm [T, is bounded by

1 1
1T < CYPC ] (g -

But each element of the dual space (L7(€)))’ can be represented (in a unique way) via an integral pairing
with an element from IF(Q)), whose IP norm equals the operator norm of T'; and, by the very definition
of Ty, this element of IP(2) is Ku. Thus

”jcu“LP(Q) =7

op?

which concludes the proof. O
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This result resembles an interpolation between the row sum norm and the column sum norm of a matrix.
However, the following estimate resembles the FROBENIUS'® norm of a matrix:

Lemma 2.61. Let Q C R” be a domain, and let K = K(x,y) be a measurable function on Q2 x§2. Suppose

1/2
Cy := <// |K(:c,y)|2dacdy) < 0.
02

Then the integral operator X, given by (2.9), maps from I*(2) into I?(Q), with norm 1Ky, < Co-

Proof. This is a special case of Statement 3.13 in [1]. O

10FERDINAND GEORG FROBENIUS, 1849-1917



Chapter 3

Oscillating Integrals

This chapter follows [22].

3.1 Definition

Consider a domain 2 C R™ and a function v € C§°(€2), which we may extend to all of R™ by zero if
necessary.

Our intention is to make sense of terms
Ip(au) := // e ®=0a (2, 0)u(z) dzdo (3.1)
RY xQ.

where § € RY, and @ may grow polynomially for |#] — co. We remark that N # n is allowed.

Definition 3.1 (Symbol classes). Let m € R and 0 < §,0 < 1. We say that a function a = a(z,60) €
C>®(QxRN) belongs to the symbol class Sy (€2 x RN) if the following holds: for each pair of multi-indices
a, B and for each compact set K € §Q, there is a constant Copgi

|050%a(2,0)| < Caprc (0)" 2P v(2,0) € K x RV,

Here we have set (0) := /1 +0|2. Moreover, we define S™>° = (1, g Sy's. (This intersection is inde-
pendent of o and §.)

These inequalities are called symbol estimates.

Since the constants C gk are allowed to depend on the compact set K, the function a may have arbitrarily
strong poles at the boundary 0S2 (called local symbol estimates). The most common case however is ¢ = 1,
d =0, and Cupk can be chosen independently of K (global symbol estimates).

Definition 3.2 (Phase function). A function ® = ®(z,0) is called phase function if the following holds:

e & cC®(Qx RN\ {0})), with values in R,
o O(2,t0) =tD(2,0), for all (2,0) € @ x (RN \ {0}) and all t > 0,
e & has no critical points if 0 # 0, which means V, g®(z,0) # 0 for all (z,0) € Q x (RV \ {0}).

Definition 3.3. Ifa € S5, u € C*(Q), and ® is a phase function, then the expression Iy (au) is called
oscillating integral (we claim nothing about its existence as a converging integral).

Proposition 3.4. Let ® be a phase function. Then there is a PDO L on Q x RN of the form

N n
L= a;(z,0)0, +> bi(2,0)0:, + c(z,0),

=t k=1 (3.2)
a; € SY0(QxRY), b€ ST xRY), ce S xRY),

a;(z,0) =bk(z,0) =0, z2€Q, |0<1,

31
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such that
L(2,0,0,,89)e?®0) = (i®(=0) (z,0) € @ x (RN \0), (3.3)

where Lt is the formally transposed operator to L:

N n
(L'u)(z,0) = — Z 0Oy, (aju) Z 0, (bpu) + cu.
j=1 k=1

We have introduced the shorter notation RY \ 0 := R¥ \ {0}.
The proof will show that there infinitely many such operators L.

Remark 3.5. Recall that the formally transposed operator satisfies

// (Lu)vdzdf = // u(L'v) dzd#, u,v € C5°(Q x RY),
QxRN QxRN

and also (L')' = L.

Proof. We quickly check that we have, for all (2,0) € Q x (RV \ 0):

i 0P i i 0P i
8916'1):18—(%6@, azke{)—la—Zkeé,

N n N 2 n 2

0P 0P o® 0P
—i 7|6|28J —i - el® Z‘0|2 () +Z () i®

= 00 = 0 = 09; = 0z,

. L eco
¥(z,0)

We observe 1) € C®(Q x (RY \ 0)) with positive homogeneity in @ of order —2, which means 1(z,t0) =
t724)(2,0) for all (z,0) € 2 x (RV\ 0) and all ¢ > 0.

From this we obtain

: = 0P @
—it) - Z|9\2—89 Za—%azk el = el?,
k=1

We are now almost done. The only problem is that the coefficients have a singularity for § = 0. To remove
them, we introduce a cut-off function y = x(0) € C5°(RY) with x () = 1 for |§] < 1 and x(#) = 0 for
|#] > 2. Then we define

2

n

o
M(2,0,0.,09) :=— > (1— 1¢|9|2739 -y a- X(0))iv g0z, + x(6)

j=1 k=1

and we check that Me'® = ¢! for all (z,0) € Q x RY. The coefficients of M are smooth, and they are in
the desired symbol classes S(l),O and S;é. It suffices to put L := M?. O
Now we come to a first high-light of this chapter.

Theorem 3.6. Let ® be a phase function on Q xRN, let a € SZ)’,L(;(Q XR™) with0< p<1and0<d<1.
Assume u € C$°(), and for Q = R™, this may be relaved to u € S(R™). Let x € C(RY) be a function
that is identically equal to 1 in a neighbourhood of @ = 0. Then the limit

li =0y (e0)a(z, 0)u(z) dz o
E_1>r_r~_10//ﬂx]RNe x(ef)a(z,0)u(z)dz

exists.

Moreover, let L be a differential operator of the form (3.2). We assume that for each (zg,6p) € Qx (RV\0),
at least one of the following two conditions holds:
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o ((LY)Fei®)(2g,00) = e'®(z0:%)  for all k € N,
e the function (z,0) — a(z,0)u(z) vanishes at (zo,6p).

Then we have, for all k € N with m — kmin(p,1 — §) < —N, the identity

lim // e ®0 v (e)a(z, O)u dzde_// PO LE(a(z,0)u(z)) dz db,
e=+0 J JoxrN QxRN

with the right-hand side being a converging integral in the usual sense.

The last line directly implies that the LHS does not depend on the choice of y, and the RHS does neither
depend on L nor on k.

Proof. For all (z,0) € Q x (RV \ 0), we have

eitb(z,@)a(z,@)u(z) _ ((Lt)keﬁb(zﬁ)) a(z,@)u(z).

Then we obtain

- i®(z,0) _ t\k i®(z,0)
51_1320 //QXRN e x(ef)a(z,0)u(z)dzdb 61_1}15_10 //QXRN ((L e )X(Ee)a(z,ﬁ)u(z) dzdé
= lim / / PEOLE (v(e0)a(z, 0)u(z)) dzdb. (3.4)
QxRN

e—+0

Now we have x € 59,07 with symbol estimates that do not depend on . Moreover, we have u € SRO
and a € S}%. Hence the function (z,0) — x(e0)a(z,0)u(z) belongs to S7’s, with symbol estimates

that do not depend on e. Then we have Jp,(xau) € S}'s® and 9, (xau) € S;’f”, and it follows that

La € S5 min(e.1=0) * Gimilarly, we have LFa € Shs kmm(Q’l % By the choice of k, the last integral

in (3.4) then is absolutely integrable also w1thout ‘the factor x(g6), and we may apply LEBESGUE’s'
convergence theorem to conclude the proof. O

Then the final definition of an oscillating integral becomes:

Definition 3.7 (Oscillating integral). Let the functions ®, a, u, x be given as in Theorem 3.6. Then
we define the two notations

Os

// ¢*0a(z,0)u(2) dzd0 = Ip(au) := lim // Dy (e0)a(z, 0)u(z) dz b,
e—+40 QxRN

QxRN

and this concept is called oscillating integral.

Now we give examples that motivate why this concept is useful.

Example 3.8. Take a function u = u(z) on RN that is smooth and growths at most polynomially. We
assume that it belongs to some symbol class Sy for some m > 0 and some ¢ € (0,1]. Here 0 means x
and z does not feature. Then the Fourier transform @ (&) will typically be a distribution, and the notation

w(§) = /z e 8y (x) da

shall be understood in the sense that after pairing with a test function @ = p(€) from S(RY), we get an
oscillating integral

O// e 8y () p(€) dé da. (3.5)

2
Rzl

Now z has become §. The condition V, g® # 0 turns into (z,&) # 0, required for all (§,x) with x # 0.
Later we will see that those (z,0) = (§,x) become interesting for which Vo® = 0, hence £ = 0. Recall that
Fourier transforms of polynomials explode for € = 0.

1HENRI LEBESGUE, 1875-1941
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Example 3.9. Let A = A(x, D,) be a ¥ DO with pseudodifferential symbol a(x,€), on a domain . For
u € D() (which we may extend outside Q2 by zero-values), we then can write

(Au)(z) = /IR" e Ca(z, )a(g) dé = o (/}R

Os
/ / @ Ea(x, E)u(y) dy de.

QxRn

Now z isy, and 0 is &, and N = n. We have ®(z,0) = (x —y) - £, and the condition V, 9 # 0 for 6 # 0
becomes

0 7& V;,f‘l)(xag) = (gax - y)a

which obviously holds. Later we will see that those (z,0) = (y,£) become interesting for which Vo® = 0,
hence y = x. These are exactly the places where the Schwartz kernel A of the operator A becomes singular.

eV Ca(z, E)uly) dy) de

n
Y

Example 3.10. From (1.3) we recall integrals of the form

/n eil@€=tlg]) %ﬂo(f) de = /]R (/R

n
3 3

Os . 1
_ // cil(e—y)E—tle]) . 5+ to(y) dy d¢.

R XRE

, 1
eil(z—y)e—tfg]) | 3 ~uo(y) dy> d¢

n
Y

Now z is y, x is only a parameter, 0 is £, and N = n. We have ®(z,0) = (x —y) - £ — t|¢|, and the
condition V, g # 0 for 8 # 0 becomes

0 £V, e0(y,€) = (—5, (e —y) - ét) . Jore#o,

which is always true. Later we will see that those (z,0) = (y,&) become interesting for which Vo® = 0,
which means |z —y| = |t| and £ || (x — y). Compare the Propositions 3.15 and 3.22.

3.2 Regularity Properties

We keep @ and a fixed, and we let w run through D(€2). Then we obtain a map
u— Ip(au), D(Q) - C

which is obviously linear. Looking at Theorem 3.6 we see that there is a representation formula for Iy (au)
with at most k derivatives acting upon wu, for some k. Hence this map is also continuous in the topologies
of D(Q) and of C. Therefore, a distribution A € D’(Q2) exists with

Is(au) = (A, u)p (g xp): YU € D(Q). (3.6)
We wish to know more about sing-supp A.
Definition 3.11. For a phase function ® on Q x RY, we define

Co = {(2,0) € @ x (RN \0): Vo@(z,0) =0} .
Let 1 be the canonical projection®

7 Qx (RV\0) = Q,
m: (2,0) — z.

Then we define
Sq> = 7TC<I>, Rq> ::Q\Cq).

2which “throws away the frequency variable”
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We draw some conclusions: first Vy® is a continuous function from Q x (RY \ 0) ¢ R**¥ into RY. This
means that for any closed set in R, its pre-image under Vy® is a closed set in the induced topology on
Q x (RN \ 0). But {0} is a closed set in RY, and therefore Cg is closed in the induced topology. Second
we remark that 7 is also continuous, and therefore Sg is closed in the induced topology of 2. Hence Rg
is open in the induced topology. Since {2 is itself open in R", also R4 is open in R"™.

Remark 3.12. Next we recall the Euler® differential equation: If p = p(y): RY — R is positively
homogeneous of degree o € R, which means p(ty) = t*p(y) for all (t,y) € Ry x (RN \ 0), then

y-Vp(y) = ap(y), yeRV\0,
with the scalar product in RN on the LHS.

By assumption, ® is positively homogeneous in € of order 1, which then implies ® = 0 on Cs.

Moreover, Cg is a conic set.

Definition 3.13 (Conic set). A set C C Q x (RV \ 0) is called conic if the following holds: whenever
(z,0) € C and t > 0, then also (x,t0) € C.

Definition 3.14 (Conic neighbourhood). Let C C Qx (RN \0) be a conic set. A set D C Qx (RN \0)
is called conic neighbourhood of C' if the following holds:

e D is an open set in the induced topology of @ x (RN \ 0),
e C C D, where C is the closure of C in the induced topology of @ x (RN \ 0),
e D is a conic set.

Proposition 3.15. It holds sing-supp A C Sg¢.

For the proof it is recommended to familiarise with the proofs of Proposition 3.4 and of Theorem 3.6,
because now we will have to retrace their steps, with modifications.

Proof. By the definition of the Slngular support, we have to show: there is a function 4 € C> (Rg) such
that (A, u)n o) x(a) = [ A(2)u(z) dz for all u € C§°(Rg). In other words, the distribution A € D'(12)
has a restriction A, that is a regular distribution in D’(Rg) which is being generated by a smooth
function A.

Take u € D(Q2). By definition we have

(A, W) pr ) xp(a) = lo(au) = // POk (a(z,@)u(z)) dzdé.
QxRN

Now let u € D(Rg). Then K := suppwu is a compact set, and K € Rg.

Next we construct L in a clever way. Whenever a(z,0)u(z) # 0, then z € K, and therefore Vy®(z, ) #
0. Hence we can construct L in such a way that it only differentiates with respect to 6, and satisfies
Lt exp(i®) = exp(i®). And for z being outside K, we have a(z,0)u(z) = 0 identically (including all its
derivatives), and we can choose the coefficients of L there whatever we want.

The result is then: if u € D(Rg) with K := suppu € R, then the operator L can be chosen in such a
way (depending on K) that

(A u)piqyxmo) = // e ® 0y (2) Lk (a(z,@)) dzdé.
QxRN

The improvement is that no derivative ever arrives at u. But now we can apply Fubini’s theorem,

<A7u>’D’(Q)><'D(Q) = / </ e PEO LRa(2,0) d9> u(z)dz,
Q RN

and it suffices to set
Az) == / =N Lka(2,0) d6, z € K.
RN

This is a smooth function, because of a € S;’fé, and the coefficients of L are C°. O

3LEONHARD EULER, 1707-1783
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We apply this idea once more:

Proposition 3.16. Let a € S;’:LJ(Q x RY), and suppose that a = 0 in a conic neighbourhood D1 of Cg.
Then A € D'(Q) is a reqular distribution that is being generated by a smooth function A € C™(£).

This function A is obviously unique, and it has already been determined outside C'y in the previous result.

Proof. We choose another conic neighbourhood Dy in-between:
Co C Do, Dy C Dy,

with Dy and D; being open.

Outside of Dy, we have Vy®(x,0) # 0. Hence we can choose there the operator L in such a way that it only
differentiates with respect to 6, but not z. And inside Dy, we know that the function (z,0) — a(z,0)u(z)
vanishes identically, giving us the freedom to choose the coefficients of L there however we want. Again
we obtain

(idmeemier = [ ([ @708 5al0)00) u(e) s we D (@)

because no derivative ever arrives at u(z). And again we put
A(z):/ O ka(2,0)d0,  zeQ,
RN

and we check the smoothness of A quickly. O

Example: Consider the operator id, which maps v € C§°(2) to u. Let us tacitly extend u to the full
space R™ by zero values. Then

(idu)(x):/w eif'5-1-a(g)dg:/n / el Y€1y (y) dy de.

Now x is just a parameter, a = a(y,§) =1 € 57 4(A x R™), ®(y,£) = (z —y) - &,
Co = {(y,§) € XX (R"\0): Ved(y, &) = 0} = {(2,£): £ € R"\ 0},
Se = {z}, and indeed we have

u(z) = (62(y), uly )>D'(Qy)><D(Q) (4, U>D’(Q)><’.D(Q)7

where 0, is the Delta distribution, shifted to the location x. Therefore, the operator id indeed satisfies
sing-supp A = {z} = Ss.

Example: Choose Q = R", and let f be a mollifying kernel, which means f € CFR"), f(x) > 0
everywhere, f(0) > 0, and fan f(x)da = 1. Consider the operator

P:uw— Pu:= fx*u.

Now we have f(z f]R" 128 f(€) A€, hence
(P = [ fa-gut)dy= [ [ DG ul) dyde,
R ¢ IRy

In, this setting, x is just a parameter, a = a(y,&) = f(€) € S™°(R" x R™), ®&(y,£) = (x —y) - € as in the
previous example, hence also Sg = {x}. However, we have

(Pu)(z) = (f(z - y)’u(y»D/(RZ)X'D(RE) )

which means A(y) = f(z —y). The result therefore is sing-supp A = () C Sg, with a strict inclusion.
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3.3 Fourier Integral Operators

We now intend to study more general operators
Os )
Wi = [ ety 0)u(y) dyao, (37)
Qy xRY
which are oscillating integrals with a parameter x, where

xz €Q, CR", y €Q, CR"™,

u € C3°(Qy),

a € ST5((Q x Q) x (RN 0)), 0<o<l1l, 0<é6<1,
and @ is a phase function on (Q, x Q,) x (RV\ 0).

It is not yet fully clear in which sense Au exists.

Definition 3.17 (Operator phase function). A phase function ® on (Q, x Q) x (RV \ 0) is called
Operator phase function if the following condition holds additionally:

Vy,eq)(xa Y, 0) # 07

Y(z,y,0) € Q, x Q RY\ 0).
Ve0®(z,y,0) # 0, } (5,9,0) € e x4y x (RTA0)

Proposition 3.18. Under these assumptions, A is a continuous map from D(Q,) into E(Qy). And A
has a continuous extension® from &'(SY,) into D' ().

Proof. We start from the assumption V, ¢®(z,y,60) # 0. Then the oscillating integral
Os )
(Au)(z) = // e @0 (2 y, 0)u(y) dy do, u e D(Qy),
Qy xRY
exists for each x € Q,. The derivatives 9% (Au)(x) also exist, and they are represented by oscillating

integrals of the same shape. Consequently Au € C*°(£2,), and the continuity of A, in the topologies of
D(Qy) and E(Qy), is easy to show. We know that there is a differential operator Lo (R,) with

@) = [ [ O L, @0)* (afe.5.0)uty) ) d s

as a converging integral, where J, means that this operator L, differentiates with respect to perhaps y
and perhaps 6, but never with respect to z.

We define another operator B as

Os
(Bv)(y) := // ei(b(m’y’g)a(x,y, O)v(x) dx dé, v € D(Qy),

Qo xRY

which exists for each y € Q,,. Now we bring the assumption V, ¢®(z,y, ) # 0 into play, and we conclude
(as above) the continuity of the map B: D(£,) — £(2;), and we have the representation formula

(Bv)(y) = /Q /]RN eiq)(x’y’a)(Lb(Qy))k(a(m,y,9)1}(:5)) dz dé,

with some operator L; that never differentiates with respect to y.

4which we again denote by A
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For u € D(2,) and v € D(Qy), let us pair Au € E(Q,) with v:

AtV i) = [ (A)(@) - ola) da

- / ( / / e@(Ly,G)(La(Qm))k(a(w,y,@)u(y))dyd@) v(z) dz
a. \Jo, JrY

x
x

= [ [ [ et @) (ate v Oputwe(s) ) dyasd
o, Jo, JrY

e—+40

lim /Q x /Q y / . 0 (L, ,)* (x(0)al. . 0)u(y)o(z) ) dy dd d

lim/ / / e ®@Y0y (e0)a(z, y, 0)u(y)v(z) dy df da.
Q. Jo, JrRY

e—+40

And if we pair Bv € £(Q,) with u € D(€,), we get (following a highly similar calculation)

(B0t) o, ey = Sy [ [ ] @O ), 0)oa)uly) de vy,
Y z ]

The result therefore is

<AU, v>'D'(Qm)X(D(Qm) = <’LL, BU)E'(Qy)XE(Qy) 5 u e @(Qy), v E D(Qm)

Now we extend A from D(£2,) to the distribution space £'(,). If u € £'(Q,), then we define Au € D'(£2,)
by means of

<A'LL, v>'D/(Qm)XD(Qm) = <U, Bv>€/(9y)><8(9y) s V'U S ‘D(Qz)

We have to check that this is a continuous extension. First of all, it is an extension (because we regain
the previous identity in case of u € D(£,)).

And this extension is indeed continuous, because: take some u € &€'(€),). Proposition 2.18 gives us a
sequence (u1,us,...) C D(,) with

&' (9, .
w (o o),

and then we have (for each v € D(Qy))

C .
<A“jv“>®/(ﬂz)xm(m) = <UJ’BU>8’(Qy)X£(Qy) — <uaBU>e/(Qy)xe(Qy) ) (J = 00),
and the last convergence holds because of the very definition of the topology in €'(£,). O

Remark 3.19. The operator A is a continuous map between the topological vector spaces D(£,) and
&(Qy). Then the transposed operator (defined in the appendiz) A is a continuous map between the dual
vector spaces &' () and D'(Qy). It turns out that B is simply the restriction of A to D(£y).

Definition 3.20 (Fourier Integral Operator (FIO)). Let ® be a phase function on (Q, x$y,) x (RV\0),
a € SP%(( x Q) x RY) with 0 < 0 <1 and 0 < 6 < 1. Then the operator A (and its above defined
extension denoted by the same letter) is called a Fourier integral operator (FIO).

Remark 3.21. We mention that different amplitude functions a = a(z,y,0) can generate the same FIO
A. Let us take Q, = Q, =R", 0 = £ € R”, and ®(z,y,&) = (x —y) - §&. Choose a(z,y,§) =0, and A
becomes the zero operator (which maps every function u to the zero function).

On the other hand, choose a(x,y, &) = o(x)(y) with ¢,v € CC(R™), but supp ¢ Nsuppy = . Then

@) = [[ I papptut) dyds = pla)le)ula),

which is also equal to zero for all x.
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Since A maps from D(€,) to D(Q,), it possesses a Schwartz kernel A € D'(Q, x Q) which we now
(partly) calculate. By definition of the Schwartz kernel, we have, for all u € D(€2,) and all v € D(Q,),

(A v U0, x0,)x D x2y) = AU V) D0 )xD(0,)

~ lim /Q / / @90\ (c0)a(z, y, 0)uly)v(z) dy do da.

e—+40
Now we join the variables:
= (z,y) € Q, :=Qy x Q.
The result then is
Os ) )
(A0 8 Wy, xi ey = ] EHVa(0)w 0 () deds
Q. xRY

Proposition 3.22. Let 7: (Q, x Q,) x (RN \ 0) — (2, x Q) be the canonical projection, defined as
m(x,y,0) := (z,y), and put

Cp = {(z,y,0) € Q x Qy x (RV\ 0): Vp@(z,y,0) = 0},
Sq> = 7TC<I>.

Then the Schwartz kernel A € D'(Q, x Q) coincides outside Sg with a smooth function, which means
sing-supp A C S¢. And if a(z,y,0) vanishes identically in a conic neighbourhood of S¢, then A is a
smooth function everywhere in £ X §,.

Proof. This is Proposition 3.15 and Proposition 3.16. O

What is now the relation between sing-supp(Au) and sing-supp u ?

Definition 3.23. Let X and Y be sets, and suppose S C X xY and K CY. Then we define

SoK:={zxe€X:3yeK with (z,y) € S} = U {r e X: (x,y) € S}.
yeK

We need some short result with an embarrassingly long proof.
Lemma 3.24. Let X C R", Y C R™ be open, K €Y, and S closed in X xY. Then S o K is closed
mn X.

Proof. We show that X \ (S o K) is open in X. Now take some z¢g € X \ (S o K). We intend to prove
that all € X in a certain neighbourhood of z( also belong to X \ (S o K). Note that (since X is open
and zp € X) there is some ¢ > 0 with B.(z¢) C X. And since K € Y, we can also assume B.(yp) C Y
for each yyp € K. Next we observe that

X\ (SoK) = {meX:(m,y)e(XxY)\S}.

yeK
From zp € X \ (S o K) we then deduce that
Vyo € K: (z0,90) € (X xY)\ S
However (X x Y)\ S is open, since S is assumed to be closed in X x Y. This yields
Vyo € K: 35 € (0,¢): Bs(xo,90) N (X xY)C (X xY)\S.
But § < ¢, and the choice of ¢ then gives us Bs(xg,yo) C X x Y, and we can simplify to

Yyo € K : 36 > 0: Bg(l’o,yo) C (X XY)\S
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We can always put a smaller square into a disk, consequently
Yyo € K: 36 >0: Bs(zo) X Bs(yo) C (X xY)\ S.
Now let yo run through K (and keep in mind that ¢ will depend on yg). The Bs(yo) covers yo and is open
in Y. This gives us a covering of K by open balls. But K is compact, which tells us that a finite number
of such open sets is enough to cover K. We call them Bg, (y1), ..., Bs,, (yar). Then
Vye K: 3 e{l,2,...,M}: ye€ Bs,(ye), Bs,(x0) x Bs,(ye) C (X xY)\S.
Put &g := min{dy,...,0x} and note that Bs,(xg) C Bs,(z9) and {y} C Bs,(ye). Then
Vye K: I e{l,2,....M}: y€ Bs,(ye), Bs,(xo) x{y} C(X xY)\S.
This is an awkward way of saying
Vye K: Bs,(z0) x{y} C (X xY)\S,
which can be simplified to
Bsy(zo) x K C (X xY)\ S,
hence Bs,(xg) C X \ (S o K). Consequently, X \ (S o K) is indeed open. O

Proposition 3.25. If u € £'(,) then sing-supp(Au) C sing-supp(A) o sing-supp u.

Proof. By its very definition, sing-supp v is closed in €2, and sing-suppu C suppu € §2,. This yields that
sing-supp u is compact.

We consider a sequence of compacta (K1, Ka,...) with
O5K19Ky,5 K35 ...
and sing-supp u = N9°, K. Take functions ¢, = ¢(y) € C§°Q, with
supp ¥y € K;_1, Pp =1 on K.
In the sense of multiplying a distribution by a smooth function, we have
Au = A(eu) + A((1 = to)u).
We remark (1 —tp)u € C§°(€y), hence A((1 — ¢)u) € C(£),), which implies
sing-supp(Au) = sing-supp(A(¢eu)), {eN.
Now it suffices to show that
sing-supp(A(¥eu) C sing-supp(K) o Kp_1, VL.
To this end, we pick some zo € €, \ (sing-supp(A) o K;_1), and our intention is to prove xg &
sing-supp(A(¢eu)). By the previous lemma, the set , \ (sing-supp(A4) o Ky_1) is open, hence there
is some positive € such that
Be(z) C Q \ (sing-supp(4) o Ky—1).

Take some ¢ € C§°(Bc (o)) with ¢ =1 on B, /3(x). We wish to show that ¢ - A(1eu) € C*(y).

But this is easy, since the operator that maps a function v € D(£,) to ¢ - A(¢ev) is a FIO with operator
phase function ® and amplitude given by

(I, Y, 9) = (P(‘T)a(xa Y, 6)¢€(y)

The last claim of Proposition 3.22 applies now. It suffices to use the first claim of Theorem 2.45. O
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Example 3.26 (VDO). In case of a YDO A on a domain Q = Q, = Q, we have

‘I)(I’yvg) = (J? - y) -,
Co ={(z,y,8): (x —y) = 0} = diag(2 x 2) x (R" \ 0),
Se = diag( x Q) = {(z,2): x € Q},

and the proposition says sing-supp(Au) C sing-supp u.

Example 3.27 (Solution operator to the wave equation). Take u; € 8(R™), and let u = u(t,x),
with (t,z) € R, be the solution to

Uy — > Au =0, u(0,2) =0, ug(0, ) = ug ().

Then we have

u(t,x) — /]R17 eim.g Slnig:gl),&l(g) df
(3

| o (©
_ i((e—y) Eetle])
= /z/:}e () dyac
I (Comye—eten X(E)
_ = i((z—y)-&—ct|g]) ANS/
5 /2/26 €] w1 (y) dy d§

i(o—y)-¢SI(CIE]) |
+/g/ge dqe (X)) dy s,

where x € C*°(Ry) is an excision function with x(§) =1 for || > 2 and x(§) =0 for [§| < 1. The only
purpose of this function is to avoid a division by zero in the first two integrals.

The third integral is harmless, because we can obviously swap the integrals, and it acts as a smoothing
operator. Focusing on the first two integrals we then have

a(z,y,€) = X|(;|) € S;A(R" x R™),
Ved (a1, €) = (z —y) + Ctél’

Se ={(z,y) €R" xR": |z —y| = cJt]}.
Now |z — y| is the distance between x and y, and c|t| is the length of the path which you travel in a time
interval of length |t| at speed c.

The relation sing-supp(Aui) C Seosing-supp(uy) then tells us that singularities of uy are being propagated
with speed c.
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Chapter 4

Symbol Calculus

Let us be given a YDO A with amplitude function a € ™,

Os
(Au)(z) = // FEDEa(e,y, Ouly) dyde,  u e CF(R™). (4.1)

2n
Ryxﬁ

According to Proposition 3.18, A is then a continuous operator from D(R™) into E(R™), with a continuous
extension as an operator from &'(R™) into D'(R™).

Our questions are:

e Is it possible to “get rid of” the argument y in the amplitude function ? Then we could perform the
integration over y and obtain the easier formula

@) = [ i) de ue CERY)
¢
assuming that such a function p existed. This integral makes sense classically, because of the fast

decay of 4(£). We wish to have a formula how to build p from a. Such a function p then is called
symbol of A, and we write p = 04, and also p = o(A).

e What can be said about the transposed operator A’ and its symbol o 4: ?

e Let B be one more YDO. What can be said about A o B (even its existence is unclear, considering
the above mapping properties) ?

e Under which assumptions does there exist an inverse operator A~!, and how to find it ? If we don’t
find it, can someone give us at least a “consolation prize” 7

In this chapter, we will determine the symbols of the mentioned operators, sometimes only up to a
remainder from S™°( x Q x R™).

To simplify notation, we introduce one more class:

Definition 4.1. Let a = a(z,y,§) € S7'(QxQxR™) be an amplitude function. We say that its associated
operator A belongs to the class W}'5($2). In case of (0,6) = (1,0) we simply write W™ instead of W',.

We set W= =, p ¥7's, and this intersection is independent of 0,0 € [0,1]. Sometimes we write

e = UmER \II’Z?(;

4.1 Constructing a Symbol from an Amplitude

Consider a € ST (R} x Ry x RY) with m € R, and let

Os
(Au)(z) = / / Doz, y, Ouly) dyde,  u € SR,

2
Ry%
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We could also take Sg?(; with 0 < § < p < 1, and the following calculations would basically not change
(except their length). Similarly, we could substitute R? against Q, C R™.

We are looking for a p(x, &) = o4(x,&) such that (in the sense of an iterated integral), we have
o)) = [ [ e pla, uly) dyde,
(3 y

Several ideas now have to come together. First of all, we can ignore those y that are far away from z, in
the following sense. Take x € C§°(R™) with x(s) = 1 for |s| < ¢ (choose some positive §). Then we can
write

Os
(Au)(z) = / / Sy (@~ ya(z,y, E)uly) dy de

2n
Ry~£

Os
+ // (1L — x(2 — y))a(z, y, )uly) dy .

2n
Ryyé

According to Proposition 3.16, the second integral represents an operator with a smooth Schwartz kernel,
hence it is a smoothing operator, i.e. an operator which maps from &'(R") into &(R™). Such operators
will be ignored in the following.

Second, we have a look at the Schwartz kernel A of A. As suggested in the motivation chapter, we expect
the formula

Z=x—Y

Az,y) = (?giza(x, Ys 5)) ‘

to hold, in distributional sense. Now A has its singular support on the diagonal of Q x €, hence for x = y.
If A is a zeroth order PDO, then A(x,y) ~ d,(y), the Delta distribution acting with respect to y, shifted
at location z. And if A is a first order PDO, then A will carry derivatives of the Delta distributions on
the diagonal. The higher the order of A gets, the stronger the singularities of A on the diagonal of 2 x
become.

Third, we have the representation for A, and we may assume |y — x| < . Hence y ~ z, and we wish to
get rid of y, hence a Taylor expansion seems reasonable:

@) = 3 (0%l €)= )" + e 6),
lo]<nm

and each power of (y — x) will “soften” the singularity of A on the diagonal {(z,y) € Q x Q: y = x}.
Then we can hope for the expansion

p(x,€) = a(z,x,6) + O(S™ 1) + O(S™2) + -+ + O(S™ M) 4777,

where each O(S™~7) stands for some symbol which seems to belong to S~/ and it is easily computable.
The last item (?77) comes from 7,7, and it will be a bit more laborious.

Now the actual work begins. We assume that the amplitude function a = a(z,y, §) satisfies
a(x,y,&) =0 if |z —y| > 0,

for some positive d of our choice. In Proposition 3.15, the Schwartz kernel A has been calculated outside
of S¢ (which is the diagonal in our case), and the result then is A(x,y) = 0 for |x —y| > 4. Such operators
A are called properly supported, and they are interesting because the value (Au)(x) only depends on those
values u(y) for which |z — y| < §. In particular, functions u with compact support will be mapped to
functions Au with compact support. We then even have

A: D(R") — D(R"), A: ER") — E(R™),

with continuity in the respective topologies.
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Now let u € $(R™) with compact support of its Fourier transform @. Such functions are a dense set in
8(R™). Then wu is even analytic, and we have

u(r) = /}R e Eq(€) de.

n
3

Let us write eg(x) := €%, For each £, we have e¢ € &(R?), and this collection of functions depends
continuously (in the sense of the topology of E(RY)) on the parameter £. And A is now continuous as a
map of E(R?) into itself, hence we have'

(Au) () = (A /

Then we obtain

ecil(€) d£> (2) = /R (Aeg) () - (€) de.

n n
3 3

(Au)(z) = / e (e_g(w) - (Aeg)(z)) - a(€) de, u € 8(R"), suppu € Rf,
RTL
€
and hence we may set
p(z,€) =" (Aeg)(x),  (z,6) ER*"
Due to the properties of A this is, for each fixed &, a function from &(RZ).
By the definition of A (and since A is properly supported), we then have

Os
p(z, &) = e~iz€ // ei(“'_y)'ea(x,y,ﬁ)eiyg dy d6

R
Os )
= // el(x_y)‘(e_g)a(x,yﬁ) dy do
R
= lim ei(“’*y)'(e*g)x(ee)a(z,y,@)dyd&.
e—+0 ]R2ng

Keep in mind that the integration over y is being performed over a bounded domain anyway. We introduce
z: =y —x and get

e—=+40

p(z,&) = lim // e 0=\ (eh)a(x, z + z,0) dz 0.
RZ%

1 The justification why A can be dragged into the integral is like this:

we have u € $(R™) and supp @ C [—R, R|™. Put Uy(§) := exp(iz-£)a(€). Then u(z) = f[—R,R]" Uy (&) d€. For a continuous
function f on [—R, R|", let S;{f} be a numerical quadrature formula with J nodes {{1,...,&s} as an approximation for
f[—R,R]" f(€)d¢. This means Sy f = Z}'le wj f(&;). We then have positive constants C, € and p such that the inequality

SCI I fller

/ F©)d — S,{f}
[_R7R]n

holds for all C? functions f. Now we have, for all , that D%u(z) = limj_,0c Sy{D%Us}, with a convergence that is locally
uniform with respect to z. Here we have used £ € [—R, R]™. This then implies u(z) = E-lim 00 Syj{Usz}. Now A: & — &
is continuous, which means (by definition)

(Au)(z) = A( lim_S,{Uz}) (AS{UD)-

= lim

J—o0
Precall now p(z,£) = (Aeg)e @, To calculate AS;{Us}, we remark that AUz(£) = A(ec@(€)) = e Sp(z,)a(g) =
p(z, &)Uz (€), and therefore

J J J
AS{Uz} = A (Z ijz(fj)> =D wjAUL (&) = D wip(,€;)Us(&5) = Su{p(x,)Us},
j=1

j=1 Jj=1
which then allows to resume the above calculation,

lim (AS;{Uz}) = lim S;{p(z,)Us} = /
J—o00 J—o00 [-R,R]"

P VO a6 = [ e pla, i) e
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Now we regularise once more:

e—+4+0 \ eg—+40

p(z,&) = lim < lim // e = 0=\ (ef)x(c02)alz, z + z,0) dz d@) .
R2%y
By Taylor expansion, we have, for some M of our choice,

Z+Z oz, 2,0) - 2%,

lal=M+1

a(x,x + z,0) = Z i!((‘?;a(x,y, 9))

lal<M Jy=a

with 7, € 8™, in particular a smooth function of x and z.
We plug this in and make use of exp(—iz - (0 —§))z® = (—Dp)* exp(—iz - (0 = &)):

p(.’L‘, 5) = Z % 51—15—10 (5011—13-0 //]RQn ((—Dg)“e_iz‘(e_f)) . X(EQ)X(EO,Z) (8;&(5(1, v 9>) |y:1 1z de)

|| <M

: : _ el —lz 0-¢)
+ Z el—lg-lo (th_r)r}ro//wne (( Dy) ) x(e®)x(e02)Ra(x, 2, 0) dzd@) .

lal=M+1
Observe that the functions 6 — x(ef) and z — x(eoz) have Fourier transforms
te "x(t/e) and (= eg"x((/20),

which converge (in D'(R™) and 8'(R™)) to the Delta distribution, times (27)™.

By partial integration we then have

I/ ,, (P07 =00) en(eos) (Fatr.0.0) _ a=0
://R 1z (0-9) ~D§‘( (6) (05 al, .0 )| ) ) (e02) d= a6
-/, ( [0 e dz) D; () (95ate.0.0)), ) a0
[ 35 (058) o (n(macno),

We clearly may assume that x is even. Then we can send ¢ to zero and get

: a 71z (CEIAW fed
EOh_ﬂ() //Rzn ) x(e8)x(g02) (aya(a:,y,ﬂ)) ly=a dzdé

= D2 (x(as) (aia(%yvf)) |y—$> '

Sending now ¢ to zero in this item gives us (Dgdya(z,y,§))y=

Concerning the remainder term, we first remark that R(x,z,0) will in general not be equal to zero for
large |z|. But we can choose some large k € N and observe that

<D9>2k e—iz.(e—g) — (1 _ Ae)ke—iz(a—i) _ (1 + |Z|2)ke—iz‘(0—f)’

which enables us to write

//R2n ((_De)ae—iz'(9—§)> -x(e0)x(e02)ra(x, 2,0) dz df

= //R?S e iz:(0-8) X<(€>OZ> <D9>2’f Dy ( (s@)ra(x,z,9)> dz do.

Now we can assume that k is so large that 2k > n and 2k + (M + 1) — m > n to obtain an integral in
which the limits ¢y — 0 and € — 0 are easy to perform.
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The final result then is

1
p(z,§) = Z o (D;jag (z,v, f))| + (Remainder),
o <M
and the remainder (which does not seem to have a nice formula) indeed belongs to 577" M=1"which we

do not verify.

This way we can prove:

Proposition 4.2. Let a € ST (Ry x Ry x RY) with a(z,y,£) =0 for [x —y[ > & > 0, and let A be the
associated WDO. Then this operator has a pseudodifferential symbol p = o4 € S7(R} x R?) given as

p(z,€) = e " (Aeg) (), (2,€) € R,

and we have the asymptotic expansion

o0

P8~ 3 (196D, ale.0.6))

=0

b
=z

to be understood in the sense that, for each k € Ny, we have p — Zj;é €87 k. We may also write

or P8~ Y (0 Dyalry.6)

aeNn

p(@; &) ~ exp((Ve, Dy))alz, y,€)| _, ly= "

4.2 Transposed Operators, Compositions, and Adjoints

Let P be a YDO with symbol p € 57, where m € R, hence

Os
Eu@ = [ o gueac = [[ e gurds, ue CRE.

2n
Ry,s

We do not assume P to be properly supported By deﬁnition the transposed operator P! satisfies
(Pu,v) = (u,Pv), for u,v € C§(R™), and ( = Jan f(z)g(x)dz. The proof of Proposition 3.18
contains the representation

Os
_ / / @V Ep(y. Euly) dy de.

2n
Ry 13

To repair the sign in the phase function, we substitute £ — —¢&, and this reveals the amplitude function
for the operator P! as

a(l’, Y, 5) = p(y7 _§>
Hence we have shown:

Proposition 4.3. The symbol op: of the transposed operator P! exists mod S~ (R? x Ry X Rg‘), it
belongs to STy, too, and it is given by

ope(@,€) ~ (exp(— (Ve, Dal)p) (2.—€)  or  ope(w,€) ~ > Lo 03 (p(r, ).

Now let us be given two YDOs P and Q, and we ask for the composed operator P o Q. This is typically
not definable, except additional assumptions hold:

e at least one of the operators has a Schwartz kernel that is properly supported (then also its transposed
operator is properly supported),
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e we operate in R™, and both operators have global symbol estimates. Then each of these operators
maps from §(R™) into S(R"™).

The first condition can be generalised to bounded domains € instead of R™ (see next section), but not
the second.

Let the symbols of P and Q be p and ¢q. To make things easier, we assume Q as properly supported (the
other cases are nice homework problems). Then u € $(R™) implies Qu € §(R™), hence

(P o Qu)(z) = / ¢ Ep(r, ) - (Qu) () d,

RTL
¢
and now we are interested in evaluating (Qu)7§) without making a mess. To this end, we recall (2.4),
(Quyv) = (Qu,5) = (0, 9'5),

and therefore

| @9~ [ ula)- @)@

:/;u(w) </R
:/;u(x) </}Rn

_ / u(a) /R e € gou(z, —€)u(€) dé da

n
£ (3

- /R g ( /R o (5, ~Eule) dx) 0(€) de,

and after renaming x — y we therefore have (for properly supported Q)

(Qu)TE) = / 00 (y, —E)uly) dy.

R

o, €)0(€) df) da \ now use f(€) = (27)" f(~)

n
3

e go (z,8)v(=¢€) dg) dz ’ now substitute { — —¢

n
Y

Now we introduce the notation ¢* := og¢, and the result is

(P o Qu)(z) = / e (i, €) (Qu)TE) de

Rg
=[] a0 -l dy e
(3 Y
hence the amplitude function of P o Q is a(x,y,&) = p(z, &)t (y, —€), and its symbol then becomes
1 (6% «
(o920) (2.6) ~ 3 08 Djalan ),
= exp (V% D) ale )|,

= exp (Ve D) (pla, 91 (40, =9)

= e (Y + V. D)) (ol ' (. -1))

= exp (Ve + Vi Dy)) (p(a, ) (exp(— (%, D,))a ) (v +)

’ apply Leibniz formula / product rule

|y:zm:E

= exp (Ve + Vi D) exp(— (Y, D,)) (p(, )a(y.m)) | apply magic

|y:z,n:€

= exp (Ve D)) (ple, a(y. )

|y:z,n:£
= 3 (080(.0) (D34l 6)).
aeNn

This confirms the calculation (1.10) for PDOs. Hence we have shown:
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Proposition 4.4. Let P and Q be operators of the classes \I/;n[’; (R™) and \IITS (R™), and assume both to

be properly supported. Then the composition P o Q exists, it is a member of \Iff(’)’er“ (R™), and its symbol
has the asymptotic expansion

opea(r,€) ~ 30 1 (08p(r,6)) (Da(x,0)).

aeNn

Finally we have a look at the I?(R"™) adjoint operator A*, which satisfies (by definition)
(Au,v) 2 = (u, A™) 2,

in the sense of
/ (Au)(z)v(z) dz = / u(z)(A*v)(x) de, Yu,v € C5°(R™).
R n

If now A is given by (4.1) (as always), and we suppose for sake of brevity a € S{y with m < —n, then all
integral pairs can be swapped by appeal to Fubini, and it follows that

Wy = [ [ oy, guy)E dy g ds
z (3 Y

- [ u) ( N Zei<w—y>'5a<x,y75>v<sc>dxd£> ay
-/ ) ( N Al ole) da as) ay,

- / u(y) A 0) () dy,
R

n
Y

and the consequence then is
o) = [ [ Sl Gl dy e
’g. ;I

The result is: if the A has the amplitude function (x,v,&) + a(z,y, &), then its I? adjoint operator A*
has the amplitude function (z,y, &) — a(y,z,£).

Expressed in the language of symbols: if A has the symbol p(x, ), then A* has the symbol

oa-(2,8) ~ Y é@gl}gp(x,f).

Ultimately, we have a look at the meaning of the variables « and y in the amplitude a = a(x,y,§). Take
for instance a = a(z,y,§) = a1(x)az(y)€*, then we have

(Au)(x) = ar () D2 (az(e)u() ).

and we have here three operations (two multiplications and one differentiation) to be performed in a
certain order.

Our desire to construct a symbol p(z, ) from an amplitude a(z,y, &) has mainly historical reasons. We
also could have searched for a symbol p(y, ). For understandable reasons, p(x, &) is called the left symbol
of A, and p(y, £) is called the right symbol of A.

In the physics literature, a certain “compromise” has been found, the WEYL?-symbol

x+y
pw—pw< 5 )

which has the key advantage that it becomes trivial to check whether an operator A is self-adjoint. Exactly
in this case, its Weyl symbol is real-valued.

2HErRMANN Kraus Huco WEYL, 1885-1955
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Figure 4.1: A kernel cutoff. In the green area, x = 1. The pink line encloses supp x.

4.3 Properly Supported Operators, Asymptotic Expansions,
Algebras

Let A and B ¥DOs on a domain  C R™. According to Proposition 3.18, both operators map from D(2)
into (), and (after extension) from &’(€2) into D’(£2). But then the composition Ao B can not be defined
directly, and (as a loophole), we split one operator, say A:

Os
(e = [[ e aey uty) dyae (42)

R?XQ

Os
// 6i(zfy)-EX(x’ y)a(z,y, §u(y) dy d

Rgxﬂ

Os
+ // I — x(,y))alw, y, Euly) dy A&,

Rgxﬂ

where the function y € C*°(2 x Q) is chosen in a clever way: the first oscillating integral on the RHS shall
map D() continuously into itself, also £(£2) continuously into itself, and the second oscillating integral
on the RHS is a smoothing operator from &£'(Q) into ().

Definition 4.5 (Proper map). A continuous map between two topological spaces is called proper if the
pre-image of each compact set is again compact.

Now we choose x in such a way that y = 1 in a neighbourhood of diag(Q2 x ). Then Proposition 3.16
gives us the claim concerning the second integral. And now supp x has to be chosen with the property
that both canonical projections (z,y) — x and (z,y) — y are proper maps from supp x into Q. This
then implies the claim for the first integral, and the operator presented in this way is then called properly
supported. See Figure 4.1. Note that xa will typically not satisfy global symbol estimates.

In formula (4.2), we have split A as A = A + A,., with A}, considered as main part and A, as remainder.
By Proposition 4.2, the operator Aj, even has a symbol o4, (not just an amplitude ya), and it has the
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form o4, (z,£) = exp(—ix - §)Ap exp(iz - £). Concerning A,, it may happen that a symbol can not be
found, only an amplitude. That is the reason why W~°° has been defined as set of all operators with
amplitude in ST°(2 x Q x R™), and not as set of all operators with symbol from S~°°(2 x R™).

We summarise:

Proposition 4.6. Let a = a(x,y,§) € SJ%(Q2 x @ xR") withm € R and 0 <6 < ¢ <1, and let A be the
associated WDO. Then A can be split as

A=A+ A,,

with Ay, being a properly supported WDO with symbol o4, € S;%(Q x R™), whose symbol admits an
asymptotic expansion

1
o (1,6) ~ D — (0¢ Dyal, y,€))

Jy=a”

The operator A, is a WDO with amplitude function in S™°(Q x Q x R™).

However, if A has a representation with a pseudodifferential symbol a = a(x,§), then also A, possesses a
pseudodifferential symbol.

Here goes a relation between the amplitude function and the Schwartz kernel of the associated operator:

Lemma 4.7. Let a = a(x,y,§) € SJ%5(Q x Q x R") with m < —n. Then the Schwartz kernel A of the

operator A belonging to a is a function in I} (Q x Q):

A(z,y) = /R ei(mfy)'ga(a:,y,f) d¢, (z,y) € Q2 x Q. (4.3)

¢
Proof. We have, for u € C§°(Q),
u)(e) = [ [ I Calay ulw) dy de,
v Jo
g
and now m < —n allows to swap the integrals. O

Proposition 4.8. For an A on §, the following are equivalent:

1. A maps linearly and continuously from &'(Q) into (),
2. A has a Schwartz kernel A € C*(2 x Q),
3. A it a WDO with amplitude a € S™°(Q x Q x R™).
Proof. The equivalence of 1. and 2. is part of the Schwartz kernel theorem.

Let a € S7°(2 x 2 x R™). Then the function A, given in (4.3), is a function from C*°(Q x ).

Let us now be given A € C*°(22x ), and we search a € S~ (2 x Q2 xR™). Choose a function x € C§°(R"™)
with [p. x(&) d¢ = 1. Then we put
€

a(z,y,&) = e Az, y)x (€),

which turns out to be an element of S™>°(Q x Q x R™). If we construct a Schwartz kernel according
to (4.3), we re-obtain the function A. O

From now on, most operators are assumed to be properly supported.

Let us talk about asymptotic expansions.
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Our approach so far has been the following (compare the proof of Proposition 4.2): first we had a ‘symbol
p € S7; and from that, we then subsequently built a decomposition p ~ Z —ob; with p; € 51 o 7, in the

sense of p — Z] —oPi €57% * for all k.

Now our approach shall be the converse: let us be given pg, p1, ..., with p; € Sffo_j . How can we then
. . o0
build some p € ST, with p ~ 3 =0 Pj ?

From the definition of asymptotic convergence we directly get that p (if it exists) is unique mod S~°.

Proposition 4.9. Let pg, p1, ..., be given p; € Sfo_j(Q x R™). Then there is a properly supported
p € ST (Q x R™) with p ~ Z?’;Opj.

Proof. For sake of simplicity, assume that the symbols p; enjoy global symbol estimates:

020 pi(w,6)| < Capg (©" 7, V(@) € QxR", Va,B,].

Now take come excision function ¢ € C*°(R"™) with

_Jo gl =T,
S0(5)_{1 el > 2,

and let us hope that the following ansatz works:

jf: < )pgﬂcﬁ)

Here, the numbers g, t1, ... are still available for choice. We assume that they form a sequence of positive

numbers that diverges strictly monotonically to +00. Then, for each fixed (z,£), this series contains only

a finite number of non-zero items. Moreover, we have ¢(;-) € 59, with symbol estimates that do not
; ;

depend on j:
’3530 (f)‘ <G, cer,
J

with Cs independent of j. Our goal is to choose the parameters ¢; in such a way that

a0¢ <<P (f) pj(w,i)) ‘ <27 (eIl ce R, W(x,6) € QX RY,
J

for all combinations of «, 8, j for which |a| + |8] < j. This is possible, because (employing a generic
constant C;

)
00! < (i) pj@,g)) ‘ = 5/;5;:5 (ﬁﬁ) ‘ag/go (L‘i)‘ '

Cy €~ g
BI+B"=p
Cj gmI

G m+1—j—18|
@ €3) :

920 p;(x,€)

IN

IN

Now we can assume ‘tﬂ > 1, because otherwise the factor ¢(...) vanishes identically anyway, making the
J

claimed inequality a triviality. Now we choose t; so large that % <279,
J

Next we will prove that

0202 p(x,6)| < Cag (€717,
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i.e. pE Sm+1 To this end, let @ and S be given, and choose N > |a| + |3|. Then we write

N oo
020lp(x,€)| < D020 (x(¢/ty)ps (e )|+ D |0202 (x(¢/ti)pi (. )
3=0 j=N+1
N ] e’} ) )
N Z <§>m*r|ﬁ| + Z 97 <§>m+1717\l3\
§=0 j=N+1

< ("IN oy + Y 27|,
j=N+1

which indeed gives p € SmH, and this is one order too high. But this is no problem: just temporarily
omit the item with j = 0 in the sum defining p, and go through the above calculation once more. Then
we get p € STY.

It remains to show that, for all k, we have p — Z =0 x( )pj € Sfo_k, whose proof is analogous. O

The next result is useful for the following: suppose someone has given you some symbol p and other
symbols p;, with the claim p ~ > ;pj- How can you verify this claim easily 7 In particular we prefer to
avoid estimating all the derivatives of all the truncation errors

k—1
0507 | p— > _pi(x,€)
j=0

for all a, for all 3, for all k, for all z, for all £ (because this gets tedious quickly).

Proposition 4.10. Let p; € S%(Q x R™) be given with mg > my > mg > -+- — —oo. Further, let us
be given p € C*(Q x R™), and suppose that for all a, 5 € N, and for all compact sets K € 2 there are
numbers u = p(a, 8, K) and C = C(«, 8, K) such that

agagp(x,g)] <CE", V(5,6 eK xR

Additionally, we assume that for each compact set K € Q and for each k € N there are numbers p =
w(k, K) and Cy x with

k—1
p(x,€) = pi(a,6)| < Crx ('), W(z,6) € K xR",
§=0

and limy o0 p(k, K) = —o00 for each K.
Then we have p ~ Zj Dj-

Proof. See [22], Proposition 3.6. O

Let us now have a look at algebra properties. We have the following:

e operators from V", properly supported, with m € R,
e their associated symbols from ST,

e actions:

max(m1,ms)

— adding two operators: \Ifl 5 X \II o> ¥
— scalar multiplication: C x U7y — ¥,

— composition of two operators: W'§ x W'z — Wi +me
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— adjoining an operator: Ui, — Wi,

— transposing an operators: Wiy — Wi,

We summarise this in the statement that the set W% = Upner W7y of the properly supported pseudodif-
ferential operators forms an algebra.

An associated algebra comes from the set of their pseudodifferential symbols S7% = UpnmerST. You may
wish to devise an algebra isomorphism yourself.

4.4 Classical Symbols

Up to now, we have had a look at the symbol classes ST, and S’” Their elements p = p(z, ) have, as
only exploitable property, estimates for all derivatives of the form 8;“8? p(z, §).

Now we want more:

Definition 4.11 (Classical symbols, homogeneous symbols). We say that a symbolp € ST (2 xR")
is a classical symbol (and write p € ST} (QUXR™)) if there is an excision function ¢ € C*°(R™) and functions
pj € C(Q x (R™\ 0)) such that each p; is positive homogeneous of order m — j in the variable &:

pj(@, t&) =t Ip;(x,€),  V(x,&t) €QxR" xRy,

and additionally
~ Z 50 pJ x 5
7=0

in the usual sense of p — Zf;é op; € STk,
The functions p; are called homogeneous symbols, and we write p; € Sji? (2 x (R™\ 0)).

Hom

Note that homogeneous symbols with m — j < 0 will typically have poles at { = 0, and symbols from S}
with (o,0d) # (1,0) will almost never be classical.

Definition 4.12 (Classical operators). Let p € SIJ(2 x R™). The the associated ¥ DO P, defined via
/ | e um s, we @),

is called o classical pseudodifferential operator, and we write this as P € U (Q).
Examples are
e every PDO P =3}’ | ., aa(z)Dg with symbol p(z,£) =3, <, da ()€,
e the operator (D) with symbol (¢) = /1 + [£]2.

Using the methods of Proposition 4.6, we can show:

Proposition 4.13. Let A € U (Q2). Then A can be split as A = Ap+A,, where Ay, is properly supported,
belongs to W7} (), possesses the same asymptotic expansion, and A, € U~>°(Q).

We quickly check that the classical ¥DO with symbols from | J
everybody is properly supported).

mez Se also form an algebra (assume that

A first advantage of the classical symbols is that only now we are in a position to speak about the
principal symbol of an operator.

A second advantage are tensor product representations of the form

~ D aim(@) - (P (D)u)(x),

7,tm
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modulo smoothing operators, P € SA and P, € Sﬁ{;nj possesses “constant coefficients” (which means
that they do not depend on z). Even better, the convergence of the series >, is totally harmless.

Let us have a closer look. Take
p(a,&) ~ Y o(©pj(x, ) € SH(QxR™),
=0

with some excision function ¢. Then we have

pj(z, &) =p; <x, |§|§> = |g)M=7 . p; (z,é') :

hence p; is uniquely determined by its values on € x Sn—1 with S"~! being the unit sphere in R". Take
n = 2, for instance, then we can write

§:w=(2?§f>esl, 0<t<on,

hence also

pj(x,€) = €M I pj(x1, 20, cost,sint),  t=1(&).

Now keep x and [{] fixed, then p; becomes a 2m-period function in ¢, hence we have the Fourier series
decomposition

=1

pi(@,€) = 6~ (é“””) + > (a(@) cos(t - 1(€)) + bu(a) sin(i - t(&)))) :

and this looks very much like the above tensor product representation.

The general case needs the spheric harmonics. We follow the representation in [10, Volume 2] and their
choice of variables.

Let z = (z1,22,...,2p+2) € RP*2 and p > 1. A polynomial H,, = H,(z) is called harmonic polynomial
of degree n if A\ H,(x) = 0 for each x € RP*2, and additionally

H,(A\x) = \"H,(z), V(z,\) e R" x R.
Here we assume n > 0. There are

(n+p—-1!

h(h.p) = (20 +p) "R~ O((m)”)

linearly independent homogeneous polynomials of degree n, see Section 11.2 in [10]. They have (compare
Theorem 1 in Section 11.2 in [10]) the following form:

Let mo, ..., m, be integers with
n=mg>m1>mg > > my_1 > |my,
and let r; be defined by

)1/2, k=0,...,p, ro=r.

e = (Tha + o T
Then the functions H({my};-) with
H{my},z) == H(n,mq,...,mp,x) =

m p—1
_ (xlﬂrl + iprFQ) ' M H rm’“_m’“+lcmk+1+(1)—k)/2 (xk+1)
- P k
k=0

Mg —MEk+1
Tp Tp Tk
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are a complete system of h(n,p) linearly independent harmonic polynomials of degree n. Die functions

C;n:fﬁk(fl_k)ﬂ are the GEGENBAUER® polynomials (see Section 3.5 in [10, Volume 1]), and they can be

written in terms of the hypergeometric functions 5F;(a, b; ¢; 2) like this:

nlC () == (2\) 2F1 ( n,n—+ 2\ A+ = L 1x> ,

2
oF1(a, b;¢; 2) Z kk'
I:( —I—n)
= )

The restriction of these functions to the unit sphere {|z| = 1} then is a complete system of orthogonal
functions in the sense of an orthogonal basis of I?({|x| = 1}). Those functions are then called spheric
harmonics, and they are denoted by Y ({ms}, 8, ») with

Y({mk}’ 9’ 90) = r_nH({mk}7 x)’
where (r,0,¢) = (r,01,...,0,, ) are the polar coordinates in RPT2:

x1 = rcosfy,
T9 = rsinfy cos by,
r3 = rsin 4 sin 65 cos O3,
.
Tp =7sinf; sinfy . ..sinb,_q cos by,
ZTpt1 = rsinbysinby...sinf,_;sin b, cos p,
ZTpto = Tsinfisinby .. .sinb,_; sinfb,sin g,
0<r<oo, 0<b0,...,0,<m, 0<p<2m

The volume element then is

dV = rPT(sin ;)P (sin 62)P "' ... (sin6,) drdé; ... db, de,
and the surface element is

do = rPT(sin6,)P(sin 62)P~* ... (sinf,) db; ... db, de.

The Laplacian in R?*2 then becomes

1
N = Ar+ﬁ Ng (4.4)
0 0
— —p—1 7 p+1 7
" or (T 87")
9
19l

1 1 0
- = p_—
72 (sin 01)P 90, <(5m‘91) ael>
1 1 1 0

0
il _— p—1
+ r2 (sin61)2 (sin 02)P~1 90y ((sm 2) 002 )
1 1 1 0 0
_ . 0-)P~ 2
+ 72 (Sin 91 sin 02)2 (sin 93)73_2 393 <(Sln 3) 803)

1 1 1 0 ) L 0
+ 72 (siny sinfy . ..sinf, 1)2 (sinf,)! 96, ((sm 2 80,)>

1 1 0?

72 (sin@; sin by . ..sin6,)2 dp?’

3LEOPOLD GEGENBAUER, 1849-1903
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Here A, operates in radial direction only, and the operator Ag acts only upon the angles. We call Ag
also the Laplace'—~Beltrami® operator on the unit sphere.

We remark that the spheric harmonics Y ({my}, 0, ¢) are much more than only a basis of the I? on the
sphere — they are even eigenfunctions of Ag:

Proposition 4.14. Let Y ({mg},-,-) be a spheric harmonic of degree n. Then
Proof. The function H({my},x) = r"Y ({my},0, ¢) is a harmonic polynomial of degree n, hence we have

0=AH=A0"Y)= (L, r")Y +r"2AgY =r"2(n(n+p) + Ag)Y.

We return to the traditional notation:

p+2+—n,
(nyma,...,mp) — (I,m), 1<m<h(l,n—2)=0)""?),
(1‘17"'7mp+2)'—>§€Rna
01,00 —65"1

Y ({mi},0,¢) — Y, (€) or rather Y, (6, ).

Remark 4.15. Pedantically, we should rather write Yi,,(€/|§]). But for reasons of simplicity of notation
we make the agreement that each argument & of Y, is being tacitly normalised.

Our results become in the new notation:
{Yim}i=o,....00, m=1,...,h(1,n—2) 18 an orthogonal basis of L2(S”*1),
h(l,n—2) = O((1)" %),
Yim € C®(S™Y) Vi, m,
— Dg Yim(§) = Ul +n = 2)Yim(§).
We may assume (wlog) that ||[Yim | z2(gn-1) =1 for all I, m.

Let us now be given p; € Sgimj , then we have

py(.€) = €M, ( E) 440 S 1Y in©),

This Fourier series converges obviously in I?(S"1), for each fixed x € 2. But in reality, this convergence
is much faster, because for each [ > 1 and each NV € N, we have

|ajim ()] = [ (s, (= 25)Y (U +n = 2)) ™ Vi)

= m [{(=25)"ps, Yim)|

l2N HAS ZC 2(sn-1)’
since the operator A\ g is self-adjoint. Here we crucially exploit that the sphere S"~! is a compact manifold
without boundary.

The number of admissible m depends polynomially on I, because of h(l,n — 2) = O({1)""?). But this
is no problem because N can be chosen as large as we want, which then reveals us that the sequence
(O lajim|)i=0,1,2,... decays faster than every power of I~

4PIERRE-SIMON LAPLACE, 1749-1827
SEUGENIO BELTRAMI, 1835-1900
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4.5 Elliptic YDOs

Now our goal shall be to “invert” a WDO. We observe quickly that this will not be possible for all operators,
because: let p € S and p = 0 in a conic neighbourhood of (zg, &) with & # 0. Now let u € I? be a
function whose Fourier transform is identically equal to zero outside a tiny conic neighbourhood of &g.
Then we have Pu = 0, but u is not the zero function. This means that the operator P has a null space
which contains functions from I?. This annoys us. Instead we wish the following: if it is unavoidable to
have a non-trivial null space of the operator P, then this null space shall only contain smooth functions.

We have seen that the symbol of such an “invertible” operator cannot vanish in any conic neighbourhood.
Actually, we will now consider pseudodifferential symbols that can be “estimated from below”:

Definition 4.16 (Elliptic symbols). A symbol p € S;'5(2 x R") with 0 < 5,0 < 1 is called elliptic if
there is some R and some ¢ > 0 with

Ip(z, )| > (&)™, VzeQ, [¢>R.

In case of a classical symbol p € S7' with principal symbol p,,, this means |p,,(x,&)| > c[£|™ for all z € Q
and all £ € R™\ 0.

A generalisation are hypo-elliptic symbols:

Definition 4.17 (Hypo-elliptic symbols). A symbol p € S'5(2 x R") with 0 < 6,0 < 1 is called
hypo-elliptic if there is some R and some ¢ > 0, and also some mo € R with

Ip(z,&)] > c(§)™, Ve e, |¢>R.

Furthermore, we require the estimates
e - Sl n
050 (@, )] < Copiclp(a, O] (4 vaeKeq, [¢/>R aBeN.

We quickly find that mg < m.
Example: Let P = P(2,Dy) = >, <m (@)D be a differential operator with principal symbol
pM(x7§) = E|o¢\:m aa(x)ga, fOT thCh |p(x,§)| Z c|§|m} fOT all (Z‘,f)

Example: The 0; — is hypo-elliptic in RYT™, but not elliptic.

Example: The symbol \/1 + &F + &5 is hypo-elliptic, but not.
From now on let P be elliptic, properly supported in Q, Pu = f with u € C§°(2) and f € C*(Q).

For simplicity, we suppose P € W (€2), but hypo-elliptic symbols P € ¥75(Q2) with 0 < 6 < o < 1 would
also be possible (the calculations would just become longer).

Our objective is to find an operator Q with Q o P = I. We make for Q an ansatz as a YDO with symbol
q, and we obtain then

o0

1A (084l ) (D5p(.€)). (45)

lor|=0

This brings us to ¢ € S (Q x R™), thus also

[}
NZ@ q] If qJGSHom
7=0

We have a corresponding decomposition p. An exercise shows that asymptotic series may be differentiated
term-wise, hence we find

oo

1 ,-'v ZZ Z 5 85 qj‘<$,§)> (Dgpk:(xag))

§=0 k=0 |a|=0

The terms of order — with [ =0,1,2,... are

> (08 0) (D).

Jk+]al=l
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For | = 0 this shall be equal to 1, which means 1 = go(z, §)po(z, ), and therefore

Here the assumed ellipticity of p becomes crucial.

Next we consider [ = 1, resulting in

0= 5 (98q0(x,€)) (Dgpo(, €)) + q1po + dop1,

lo]=1

which brings us to

1
= Z a! (8¢ qo(x,€)) (Dgpo(x,€)) + qop1 | € Spam -

la|=1

The remaining terms are determined similarly, and we get ¢; € Sﬁ:f;j . Pick now some excision function
@, and we get some ¢ € S, for which

oo
g~ g
7=0

It is easy to check that this construction then indeed satisfies (4.5).

We summarise:

Proposition 4.18. Let p € ST (2 x R™) with m € R, elliptic, not necessarily properly supported. Then
there is at least one g € S;™ (82 x R™), elliptic and properly supported, such that the associated operators
P and Q satisfy:

Q(x,Dy) o P(x,D,) = I+ R(z, Dy),
where R € U—°,

Each such Q is called left parametriz for P. The proposition remains true for S77 instead of S{}', but then
the proof gets more involved. For details, see [22].

An open question is about uniqueness of Q, and whether Q were a right parametriz, too.

Definition 4.19. Let py and pz be from ST, for m € R. We say that p1 and pa are equivalent, py ~ pa,
whenever py — pgy € ST°.

Obviously, this is an equivalence relation. Equivalent classical symbols have the same asymptotic expan-
sion. And we also see: if p; is elliptic and p; ~ po, then also ps is elliptic.

For each symbol, we can find an equivalent symbol with proper support. In other words: each equivalence
class of symbols contains a properly supported representative. All the following algebraic considerations
refer to such a representative.

Let us define an operation f for such equivalence classes,

piqg=0(PoQ),
where o is that symbol which maps a ¥DO to its uniquely determined symbol.
This operation f is a binary operation on following set of residue classes

ellipt .__ m,ellipt
S " U St ~

meR

The operation f is associative (exercise) and has at least one left-neutral element, namely e = e(x, ) = 1,
the symbol of the identity operator. To each elliptic symbol p € S!iPt there is at least one elliptic symbol
q € S°Pt with ¢ 4 p = e, i.e. each element of S°Pt possesses at least one left-inverse element. According
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to a known theorem from algebra, then (S°!Pt #) is a group. Consequently, the left-inverse element is
unique, and it is also right-inverse.

We come to applications.
Let Pu= f with v € &(Q2) and P € \I/;'féeuipt with proper support. Then there is a Q with Qo P =T + R,
where Q € \Ill_,gn’enipt, and R maps from &'(Q) into &(2). We then have

u+Ru=(I+R)u=9o0Pu=Qf,

hence v = Qf — Ru, where Ru € C*(£2). Now we apply 3.25 once for Q and once for P (note that
Se = diag(2 x Q)):

sing-supp(u) = sing-supp(Qf) C sing-supp(f) = sing-supp(Pu) C sing-supp(u).
This then can be summarised like this:

Proposition 4.20. Let P € V{'((2) elliptic and properly supported. Then we have, for each u € €'(§2),
sing-supp(u) = sing-supp(Pu).
The same holds for elliptic operators P € WTo(R") (with global symbol estimates) and u € 8'(R™).

A consequence then is that the null space of P contains only smooth functions, as desired.



Chapter 5

Mapping Properties

5.1 The Case of V] on R"

We define Sobolev spaces on R™:

Definition 5.1. For s € R, we define the SOBOLEV' space

H*(R") := {u € 8'(R"): 4 € Li,.(RE) and (&) |a(é)[? de < oo}

Re

and its norm

lull g oy = ( /.

(3

1/2
(€™ ) ds> :
Exercise: For which s € R is § € H(R™) ?
Theorem 5.2. Every operator from U7, withr € R and global symbol estimates maps H*(R™) continuously

into H*~"(R™), for every s € R.

The proof is quite easy, because of the tensor product structure of classical operators.

Proof. By definition of H®(R™), the operator (D)" is a continuous isomorphism from H!(R"™) onto
H'="(R™), for each t € R™. Now take p € S7;. Then we can write

p@.) = (p@.&© ) (©,  Pa.D.)=O0plp(,)(&) "} o (D),

with Op{p(z,£) (£)""} being a classical operator of order zero.
This allows us to consider the case » = 0 only. Now construct another classical ¥YDO P of order zero
according to

‘JB(x,D) == (D)* o P(x,D) o (D))", P(x,D) = (D) ®o 33(1‘, D)o (D)".
We are done if we succeed in showing that P maps I?(R™) continuously into itself. Hence it suffices to
consider s = 0 only. We drop now the tilde.
For p € SY

1, we have the expansion

J
p(@,8) = > 0(©)p;(@,8) +rs(x,8),
7=0

with x as excision function (which vanishes for |§| < 1 and is identically equal to 1 for |{] > 2) and
i € Sl (R™ x (R™\ 0)). And the remainder 7 is from 81776171

Hom

1SERGEI LvovICH SOBOLEV, 1908-1989
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The homogeneous components p; admit tensor product decompositions

(©)pj(@,6) = Zaazm Yim (€)2(€)]E] 77

We wish to show, for all u € $(R™), that
[Pull 2gny < Cllull 2gny »

with some constant C' that depends only on a finite number of derivatives of the p; and the remainder 7.
Then the density $(R™) C I?(R™) allows to conclude the same inequality for u € I?(R").

Now we calculate like this:
J

||‘J’u||L2(Rn) < Z ||OP{<P(§)pj(5U’f)}u”Lz(Rn) + ||RJ($7D)UHL2(1RH) )
j=0

10D {0 (€)p3 (2Dl gy < D st - OPAVimn ()2()IEI ™ 1 s g,
lLm
< Z ||ajlm||Loc(Rn) : Hop{)/lm(6)@(5)‘§|7]}UHL2(R2)
lLm
= Z ||ajlm||Loc(R”) . ||Ylm(-)¢(.)| . |7j’a(')HL2(]Rg) ‘ (Plancherel used)
Lm

< Z ||ajlm||Loc(Rn) : ||Ylm||Lo<>(sn—1) H{LHL?(RQ)

lm
> st g gny < 1¥imll e 501y | 1l 2 ey -
L,m

We recall that — A g Yy = (14 n—2)Yim and ||[Yim || 2(gn-1) = 1. Now choose some even number o > n/2.
Then, by Sobolev’s embedding theorem and elliptic regularity,

o/2 o
||YlmHLOO(S"—1) S C ”Ylm”Hﬂ(Sn—l) S C <HAS/ Ylm + ||Ylm||L2(5n—1)) S C<l>

12(Sm-1)

And we have, for each positive integer NV,

N N
A5im || oo (pn _7HA px’H )
Istmllimeny = o [ 25 250
Then we have, using h(l,n — 2) = O(<l>n—2)7
oo h(l,n—2)
ZHa]lTnHLoo R") HYlmHLoo gn-1) = Z Z Hajlm”Lx(Rn ||Ylm||Loc 1)
1=0 m=1

()’

I2(Sn—1) '

< Zh(z,n—mﬁ (A8 pya.)
=0

n—2 1 o
LZ(S,,H);C’U) ' <l>2N RUAE

Now choose N so large that 2N >n —2+ 0 + 1.

<c HAS pj(,-)

It remains to discuss R;. We may assume J > n, in which case R; has a Schwartz kernel R;(z,y) given
by the convergent integral

Riay) = [ e (06)de,
€
Pick some positive integer M. Then we quickly check

@)™ Ryfg) = [ DY 1 (2,

3



5.2. THE CASE OF ¥}y ON RN 63

which allows for |R;(z,y)| < W, where C' only depends on a finite number of symbol semi-norms of

7. The desired estimate |[Rjull ;2 gn) < C [|ull f2(gny then follows” after appropriate choice of M. O

Corollary 5.3. If p € SI} is elliptic, then there is (for all s, t € R) a constant C' such that

||U||Hs+r(Rn) <C (”fPU”HS(Rn) + ||UHHt(]R")) :

If P has no null space, then the term ”uHHt(]Rn) can be dropped.

Proof. We have a parametrix Q € ¥_" and a smoothing remainder R such that Qo P = I 4+ R, hence

u = Qo Pu— Ru.

Useful is of course the choice of a t that is much smaller than s + r and s.

5.2 The Case of \Ilgfo on R"

We present here a famous result of CALDERON? and VAILLANCOURT? from 1970 [3], because its proof is
exceptionally beautiful (meaning that it incorporates many ideas).

Theorem 5.4. Let p € 5870 be a pseudodifferential symbol on R™ with global symbol estimates. Then p
generates a WDO P that maps continuously from I?(R™) into I?(R™).

The proof combines many ideas from various branches of mathematics. We begin with functional analysis.

Lemma 5.5. Let (Z,%, dz) be a measure space, and let us be given a family {A,: z € Z} of operators
A, that map from I*(R™) continuously into I?(R™), with uniformly bound on the the operator norm:

IMy>0: Vze Z: ||ALl,, < M.

op —

We further assume that the map z — A, is weakly measurable, which means that for all p, ¢ € I*(R"),
the function z — (A.p,v) is measurable.

Now suppose that there is a function H: Z x Z — [0,00) with

o [|[4:A% ||, < H?(2,2") and || AZA||

op — pSHQ(zvzl)a

o (Hw)(z):= [, , H(z 2 )w(z')dz" is an operator H that maps from I*(Z) into itself with norm M.
Then A := [,., A, dz is an operator from I?(R™) into itself with norm ||A|,, < M.
Proof. We note that the operator J(? has integral kernel

HQ(Z,Z/) = H(Zazl)H(Zl,zl) le,
z21E€EZ

and analogously, then the operator 37 (with j > 2) has integral kernel
Hj(Z,Z/) = / / H(Z,Zl)H(ZhZQ)'-'H(ijg,ijl)H(ijl,Z/)defl de,Q-'- dZ1.
Z21€Z zj_1€Z

Now pick some m € N with m > 2, and points z1, ..., 29,, € Z. Define a number

T = || AL AL AL AY, A, A

CETZ2m -1 2o, ||op’

2Figuring out the details is an exercise everybody should have done once in life. I have already, so . ..
3 ALBERTO CALDERON, 1920-1998
4REMI VAILLANCOURT, 1934-2015
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which we now estimate twice:

T <[4z AL |, 40042, A2 A2, |0p---||Azzm AL oy

T < 1A o 142, A o 142, A o, 142 Al -+ [ 425,04 11AZ -
Multiplying both estimates, we then obtain

T2 < Anllop 14 A%, [ 142, Asa o [ 4 AL Loy 145 A 0y - s AL [l 420 o

S M0H2(21, 22)H2(Zg, 23)H2(2’3, Z4)H2(Z4, Z5) e HQ(ZQm_l, ng)Mo.

Now pick a measurable set {2 C Z with characteristic function yq and finite measure Sq := fQ 1dz. Then
we consider

1/m

(L) (L))
Q Q
op
1/m
[ o] ] A, dande dzl)
21 EQ ZQGQ Zom EQ
1/m
/ / (/ H(thz) H(ZQm—l,z2m)d(ZZ,“'722m—1)> dzom d21>
21€Q J 22, €EQ (22, y22m—1)EQ2M—2

1/m
/ / Hop—1(21, 22m) dz1 d22m>
21€Q J 22, €Q

1/m
My / / X (21)Hom— 1(21,22m)XQ(22m)demd21>

£

=

1/m
MO/Z xa(z1) (F*" 'xq) (21)d21>

QSQM2m_1SQ)1/m )

<
“
-
g
:

Recall that for each bounded self-adjoint operator B, we have ||B||,, = lim, HBmHiém. This gives

) ()

A consequence then is

/ A,dz
Q op

But the RHS is independent of €2, which finally allows us to deduce that

/ A, dz
z op

< M2,

op

< M.

< M.

O

The key idea was to decompose A into components A, in the sense of A = | , A.dz, such that A, and A7,
are “basically orthogonal” for z and 2z’ “far away from each other”, in the sense that A, A% and A%A,
have “small norms”. The proof of the main result will make this clearer.

Proof of the Calderéon—Vaillancourt Theorem. Consider first the case n = 1. We know that

V(o ) ICap: V(@) € R?: 920 p(x,€)] < Cap.
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We define an auxiliary function ¢ on R,

Li2e=t ¢ >0,
P(t) =42
0 t < 0.

Observe that this can be written as ¢(t) = H(t) - 3t%e~", with H(t) being the Heaviside function, and a

distribution H and a smooth function have been multiplied, resulting in a distribution again. In such a
setting, the product rule of differentiation is valid®, and therefore

(1+0)v(t) =H(t)-(1+ at)%t%—t + (8tH(t)) : %th—f
=H(t) -te " 4+ 6(t) - %th_t
= H(t) - te " +0.

And we apply this reasoning once more,

(1+ 000 (t)

H(t)- (1+0)te "+ (&H(t)) et
=H(t)-e " +6(t)-te?
H(t)-e " +0.

And once more:
(L+00)0(t) = H(t) - (1 +0)e ™" + (9H(D)) - e

=0+6(t) e’
=4(1).

Now we define another symbol g = g(z, &) on R%:
g(w,€) == (1+92)° (1 + 9)°p(x, €).

Then we have g € 5870, and by appealing to a variant of (2.6), we have

p(z,8) = //Rz gy, M (z — y)(§ —n) dydn.

Now we plug this representation of p into the formula for P:

<9>f><>—/ eEp(x,€) F(€) d

//R 9(y:m) < e(z — )w(f—n)f(f)&£> dy dn)
N //]RZ 9(y,n) - (Ayy ) () dy dn,

where we have defined
(Agf) () == / TP (z — y)b(E — ) (€) dE.

We intend to apply the previous Lemma with Z = ]Rfm and z = (y,n).
First we remark 0 < 1(t) < 2e~2, and therefore

[ Ayn fll 12y < 4e~* 1/l z2®y» hence A, < de™ =: M.

5 The reason being: multiplying by a fixed smooth function is a continuous map D’(R) — D’(R), and also taking the
derivative is a continuous map D’(R) — D’(R). Now the space D(R) of smooth functions is dense in the distribution space
D’(R). It remains to observe that the product rule obviously holds for both factors coming from D(R). Another way consists
in stoical application of the definition of the two operations.
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Second we have to estimate HAWIAZW

*
op and HAynAy’TI’

op’
The operator A, is a ¥DO with non-smooth symbol (z,&) — ¢ (z —y)1({ —n). Therefore, Ay, is again
a DO which we can express using the amplitude (z,t,&) — ¥(t — y' ) (€ —n’). But ¥ is real, hence

Ay @) = [ [ D=y e -0 aea

= [ eute =y ([ vt -wsar) ac
= T V1) Tt - )N o),

in particular A;/n, f is the inverse Fourier transform of something for which we have a formula. Now we

build Ay"AZ’n/f:
* ‘T — eilﬂf :I: . _ *l , ~
(AynAy/n’f)( ) /]R5 W( y)v(E€—n) (Ayn f) () ag
- /R /R Y@ — y)p(E =) (€ —n)w(t —y') f(t) dtde

= | K(z,t)f(t)dt,
]Rt

with a kernel function K given by
Klayt) = [ e 0%( = y)ue - (€ — ol - ) g
Re

— Yz -yt — ) / SE08(e (e — o) dE.

Re¢

This kernel function K gives rise to an operator X: I[?(R) — I?(R) which we then will estimate by a
function H?(z,z’), which then in turn will give rise to one more operator H: I?(R?,) — I?(R?), for which
we will then have to find again a norm (ending the proof).

We begin our work with K (x,t). Note that ¥(o) = 0 for 0 < 0. Define s := z — ¢ and ¢ := £ — 1. Then
& =o0+n and

o0

K1) = bz — gt — o)e / 7 h(0)(o + 1 — 1) do.

=0

Case 1: > n'. Then we get
0o 2 N2
eisna (J +n—-n ) 6—206—(7)—77)/ do

K(x,t) = (x —y)(t — ?/)eisn/ 4

o=0

eis'r/e*‘nfnll o0 ce
—vla gl =) [0 o - o

=0
isn o —In—n' o
= y(z —y)P(t - y’)%Dﬁ(DS +n—n)>? / elis=2)0 g
o=0
b= T D, oy — )2
4 ° 2 —is’

from which we then find

K (2, 1)] < const. go(x — y)o(t —y")e 711+ & — 1)) (In — o] +1)?
< OY(z — )t —y)e 121 4 |z — )73

Case 2: 1 <7'. Then a similar calculation leads to the same estimate.
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*

This estimate of K is strong enough to get the operator norm of X = AynAy’n/ under control:

1Ay Ay )@,y < ( / K (@) de dt) 112 ey

xt

where we have used Lemma 2.61. Now we consider

V2 (a —y)?(t —y')
g2, (I+lz—t?)?

— Ce—In—7'l e P2 (p)1*(g)
¢ /p—o /q—o I+ly—v)+@-9P)? dpdg,

where we have substituted x = y + p and ¢t = ¢’ + ¢. Note that ) = 0 for negative arguments.

dx dt

/ K (2, )2 dz dt < Celn=]
]RZ

xt

Now is a good moment to present PEETRE’s inequality: for all a, b € R™, and all ¢ € R, it holds

14 a2\
(5pe) =2ta+ia-om

We then have

1 _ 8
(14 16[2)% = (1 +[af?)

2\3
5 (L+]a—0[7)7

hence

1 8
I+ly—9y)+@-a?)? = (I+ly—=v'*)

s(1+p—q*)?
which then has the consequence

/ K (2, t) > dzdt < Ce (14 [y — of[2) 3 / / (1+Ip— aP)0* (o) (q) dpdg
R2 p=0Jgq

xt

< Ce (1 4+ |y —y') 7
<C(+|(y,m) — '\ n))°

With z = (y,n) and 2’ = (y/,n') we therefore have
[A-AZ]l,, < C(1+ |z — 273 = H(z, 7).

Now we should consider the operator norm [|AZA./[|, . It turns out that the above calculation can be
replicated to a large extent, but there is a twist: we should translate from the z-world into the £-world,
using Plancherel’s identity. The key step is to verify that the operator that maps f = £ into (Ayp Ay £)TE)
has integral kernel

R(€,7) = 9 — el — 1) / e E (e — (e — o) da,

x

hence K can be obtained from K by swapping the arguments and taking the complex conjugate.

The final step is to consider the operator H with the kernel function H. This can be handled by either
a variant of Lemma 2.48 with k = 2, p; = 1 and ps = ¢ = 2, or (2.10). The Theorem of Calderén and
Vaillancourt is proved, at least for n = 1. And for general n, we build g according to

9(x,€) == (14 02,)° (1 + 0g,)° ... (1 + 0,) (1 + 0, )°p(2, €),

and now we observe that the different directions along the various coordinate axes do not interact. O
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5.3 Summary

5.3.1 What has been Obtained So Far

Suppose u € &' (R™) solves Pu = f, with P being an elliptic DO, whose symbol p has global symbol
estimates in S7". Then regularity of f can be transferred into regularity of u. We explain this as follows.

The operator P has a parametrix P? which has global symbol estimates in Sio', and Pt is properly
supported. Being a parametrix means P o P = id —R, with R being a ¥DO with symbol in S~°°, and R
maps each Sobolev space into any Sobolev space.

Now what can be said about regularities ? From u € &'(R™) we have f € D'(R™). It is an easy exercise
to show &'(R™) C User HE(R™), so u belongs to some Sobolev space H!(R™); perhaps t < —1. Suppose
f € H*(R™), for some s € R. Then we find

uw=idu = P'Pu+ Ru =P f + Ru,

and now we have P'f € H*t™(R"), whereas Ru belongs to any Sobolev space we want. Therefore
u € HT™(R™), and if the regularity of f improves, then also the regularity of .

Microlocal analysis enables us to prove the regularity of a solution to an elliptic problem,
provided the existence of that solution has already been established somehow,
together with some starting regularity of that solution, as for instance u € &'(R™).

We have no method of proving that the problem Pu = f possesses at least one solution. And the condition
that P shall be elliptic seems restrictive, so it looks like we have spent 60 pages of work for little output;
but in fact we have obtained more, and we explain it in the next section.

5.3.2 What does “Micro-Local” Mean ?

The mapping properties of a DO can be localised, which means that we disregard all those points z
we are not interested in.

Definition 5.6. Let u € D'(Q) and xo € Q, and s € R. We say that u € Hj  provided that there is a
neighbourhood U € ) of xo such that pu € H*() for each ¢ € C§°(U). We read this as “u has regularity
H? at the point xo”.

Then the mapping properties localise as well:

Lemma 5.7. Let u € D'(Q) belong to Hj  for some xo € Q and some s € R, and let P be a classical
operator with symbol from SIt (2 x R™), with proper support.

Then Pu € H; ™.

Proof. We know that there is some neighbourhood U € 2 of xq such that pu € H*(Q2) for all ¢ € C°(U).
Choose some neighbourhood V' € U of 5. We wish to show ¢pPu € H*~™(Q), for all yp € C3°(V).

Now P has proper support, which means that there is some set K &€ 2 such that Pu (when we evaluate
this inside V') does not depend on values u(z) with ¢ K. Choose some x € C§°(2) with x = 1 on
K. Then we have Pu = P(yu) as identity inside V, and now yu € &'(2). Next we choose one function
v € CP(U) with ¢ =1 on V. We write

YPu = PP(xu) = PP(xpu) + PP(x - (1 —¢)u), in V.

By assumption v € Hj we have pu € H*(Q2), then also xpu € H*(f2) with compact support, hence
P(xpu) € H*~™(Q) with compact support.

And for the second item, we consider 1 — ¢ as a YDO. Then the expression P o (1 — ) is a composition
of two properly supported WDOs, and all terms in its asymptotic expansion drop out, owing to ¢ = 1 on
supp . Only the remainder term in that asymptotic expansion survives, and it is a smoothing operator
that maps from &'(Q2) into D(€2). The result is YP(x - (1 — p)u) € D(Q) with support in V. O
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We can also localise the concept of ellipticity:

Definition 5.8. We say that an operator P with symbol in ST (Q x R™) is locally elliptic at zo € Q if
there is some constant co > 0 such that its principal symbol p,, satisfies

[pm(20,8)| > co€]™, VE€R™\ 0.

By continuity and compactness of the unit sphere {£ € R™: || = 1}, local ellipticity at a point o implies
local ellipticity in a neighbourhood of that point.

Now let us have a look at the construction of the parametrix, and we convince ourselves that this con-
struction can also be localised:

Lemma 5.9. Let u € D'(Q), and let P be a classical operator of order m, properly supported, locally
elliptic at xg € €.

Then the following holds: if Pu € HZ ™ for some s € R, then u € Hy  for that s.

If we look a bit longer at our previous calculations, we observe that we can localise not only in the space
variable x, but also in the co-direction variable &.

Localising means to cut-off non-interesting positions x.
Micro-localising means to cut-off non-interesting positions xz and to cut-off non-
interesting co-directions & as well.

We micro-localise Sobolev spaces:

Definition 5.10. Let (20,&o) € 2 x (R™\0), and let s € R. We say that u € D'(Q2) belongs to H . if
there is a conic neighbourhood U x V' of (x9,&) such that

(pu)(E)? (€)* dé < 0

|
Ve
for each p € C(U). We read this as “u has micro-local H® regularity at (zo,&o)”.

Exercise: Toke n = 2 and consider the function

0 : x1<0,
wrne) =0 S

For each x¢ € R?, determine those s € R for which u € H; .
For each (z9,&) € R? x (R?\ 0), determine those s € R for which u € H?

0,60"

Then the mapping properties can be micro-localised as well:

Lemma 5.11. Let u € D'(Q) belong to Hj . for some (29,80) € 2 x (R™\ 0) and some s € R, and let
P be a classical operator with symbol from Sy (€2 x R™), with proper support.

Then Pu e HE™T

z0,§ °

The proof is quite similar to the proof of Lemma 5.7.

Next we micro-localise the concept of ellipticity:

Definition 5.12. We say that an operator P with symbol in S (2 x R™) is micro-locally elliptic at
(z0,&0) € 2 x (R™\ 0) if there is some constant c¢o > 0 such that its principal symbol satisfies

[pm (70, &0)| > coléol™.

By continuity and homogeneity of the principal symbol, we then have [p,,(z,£)| > 1co|¢|™ for all (z,€)
from a conic neighbourhood of (zg, &).

And also the construction of the parametrix can be micro-localised:
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Lemma 5.13. Let u € D'(Q), and let P be a classical operator of order m, properly supported, micro-
locally elliptic at (xg,&p) €  x (R™\ 0).

Then the following holds: if Pu € H;O_Z; for some s € R, then w € H .~ for that s.

Since we have already skipped the proof of Lemma 5.9, we omit this proof as well.

Example: The wave equation operator 87 —c? /\, with a constant ¢ > 0, is micro-locally elliptic of order 2
in most directions (but not all). If we know (07 —c® N)u € I3, (R'™), then we can deduce the micro-local

reqularity u € H? for all (to, o) € R*™™, and most directions (19,&) € R\ 0. The details are

0,%0,70,80’
left to the reader.
The current situation refers to the elliptic setting, and basically it means: if Pu is microlocally Sobolev-
regular at (zg,&p), then u is microlocally Sobolev-regular at (z¢,&p), and the Sobolev smoothness param-
eters translate as expected. And since each microlocally elliptic operator has a microlocal parametrix,
which is again microlocally elliptic, this description of the regularities is sharp.

Now we present some result that is mostly relevant to hyperbolic situations — a famous theorem of
Hormander about the propagation of singularities. Let P be a classical ¥DO of order m > 0, and let p,,
be its principal symbol. To this p,,, we consider its HAMILTONian® vector field H,, in the phase space
Q x (R™\ 0):

- Opm 0 Opm 0
H,, = e )
" Z ( 65] 8xj aij 8@)

Each of its integral curves (z(t),£(t)) (with ¢ being the parametrisation variable of the curve) is called
bi-characteristic curve. By definition, this means that the functions z(¢) and &£(t) solve the Hamilton
system

day _ Opu(a(t).£(1))

dt :a—é.jv j:]-v"'vnv
g Opma®.£0)
a oz, v = Lhean

Along each such curve, p,, is a constant function of ¢, because:

() €0) = (Ve (0),(0))) -+ (Vepmn(w(0),€1))) - (1)
p

= (VaPm(@(8).€1))) - (Vepm (@(t). €2)) + (Vepm(2(0),€1)) - ( = Vepm (@(). £®)))
0.

We are interested in those bi-characteristic curves along which p,, equals zero everywhere (in the elliptic
case, they do not exist, because p,, never vanishes except for £ = 0).

Theorem 5.14 (Hérmander). Let p € ST(Q2 x R™), with m > 0. Suppose that the principal symbol py,
is real-valued everywhere. Let v: [0, T] — Q x (R™\ 0) be a zero-bi-characteristic curve of py,, and let T’
be its trace in the phase-space @ x (R™\ 0). Furthermore, assume p(z,D)u = f € H; . micro-locally, for
all (x,&) €T.

Then the following holds: if u € Hi(t:;*l, micro-locally for one ty € [0,T], thenu € Hjj(tgnfl, micro-locally
for all t € [0,T].

Let us bring this into context: if (z,£) is not on any zero-bi-characteristic curve, then p,,(z,£) # 0, hence
we have micro-local ellipticity of p,,, and then v € H zzm anyway. This is the boring case.

Now comes the interesting case: (z,£) is on a certain zero-bi-characteristic curve. Then the singular
behaviour of the solution u propagates along this curve.

6SIR WiLLIAM ROWAN HAMILTON, 1805-1865
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An example hopefully brings clarity: consider the wave operator 92 — ¢ A in R'™", and now we call the
time variable x(, and its co-variable becomes £;. Then the operator is

P=0; > 02, p@=0P)=-G+E++E), >0
j=1

This is a classical operator of order m = 2, and indeed its principal symbol is real-valued everywhere. The

bi-characteristic curves are (xo(t), ...,z (t),&0(t), ..., &n(t)), which are required to satisfy
dwo(t) _ Op2(x(1),8(t))
a 9 = ~2o(®)
daj(t)  Opa(x(t),&() 2¢ -
dj.t = 8&7 =+2c gj(t)v ]*17"'7717
A __oma(x().E0)
dt o 61‘0 o
dé;(t) _ Opa(a(t),£() _ -
let =— 92, =0, j=1,...,n,

which is solved by

xo(t) 0 —2&o o(t)
z1(t) z1(0) 2¢2& &i(t)

. = . + . t, : = const.
xn(t> {)Sn(O) 202£n gn(t)

Now we are interested in zero-bi-characteristics, which enforces £y = c\/€2 + - + &2. In an attempt of
beautification, we introduce a vector = in R™ of length one,

—_ Ej . 2 —_
s B 1<j<n, & = c|&l=;.

Va8 ’ ’

Then we get
o(t) 0 —sign(&o)
Lﬂl(t) 1’1(0) CEl
. - : + 2 : |£0‘t7
Zn(t) 2 (0) =,

and here we see nicely the propagation with speed ¢: when the time variable 2|¢y|t changes by one, the
space position 2¢E|&y|t changes by a vector of length c.

Now let us be given a solution v = w(zg,x1,...,2,), with some initial values wo(x1,...,2,) =
u(0,z1,...,2,), and some initial velocity a%)u((),:rl, ceoyTy) = ui(x1,...,2,). Suppose that the ini-
tial values ug have micro-locally a certain singular behaviour at a position z. € R™ in a certain direction
& = (&1,...,&), in the sense of u ¢ H(S(;’:;*,Eo,f*)7 and & being calculated according to the formula
§o := cl&].

Then this bad behaviour of u propagates through the space-time along the zero-bi-characteristic curve,
forward in time and backward in time. We have a very detailed description of the singularities at a
micro-local level — not only do we know where the singularities are (described by z), but we also know
in which directions the singularities point (described by & # 0).

In linear hyperbolic problems, singularities can not be born or disappear,
but they propagate forever along the zero-bi-characteristics of the principal symbol.

Micro-local analysis enables us to describe how regular solutions to some linear PDE are.
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5.4 Further Ideas

5.4.1 How About [” Based Sobolev Spaces ? Other Spaces ?

For 1 < p < oo, we define I? based Sobolev spaces H,;(R") as
HP(R™) := (D) ° IP(R™).

Then WDOs with global symbol estimates in the symbol classes STy map continuously from H, (R™) into
Hy~™(R"), see [23]. Operators with symbols in S5 are harder to handle. A typical result reads: if
1 <p<ocanda=a(z,§) €S (R" x R") with 0 < § < ¢ < 1, global symbol estimates, and

1 1

then A maps I (R™) continuously into itself. Note that we have a loss of reqularity in case of o < 1. The
cases p = 1 and p = co are, in some sense, hopeless. I mean challenging, of course.

How about HOLDER” spaces C*T(R™) ? Suppose these are global spaces, in the sense of

VB, 18] < k: 3Cs: Yz € R™: [Dju(x)| < Cg;
3Co: VB, |8 = k: Yo,y €R, |z —y| < 1: [DPu(z) — DPu(y)| < Cola —y|*.

If A is a YDO with symbol from ST and global estimates, then A will map Ck+(R™) continuously into
CFto—m provided that both k 4+ o and k 4+ a — m are positive and non-integral.

In particular, a first order ¥DO will not map C3(R") into C?(R"™), as an example. See [23] and [24].
Remember that the spaces C* with integer k are ugly anyway (for instance, C'([—1,1]) is not dense in
CY([-1,1]) for 0 < ae < 1, see [4]).

A remedy are the ZYGMUND® spaces, defined as follows. Choose some function 1y = 1(§) € C§°(R™)
with ¢o(§) = 1 for [£] < 1, and ¢o(£) = 0 for [£] > 2. Define W;(&) 1= ¢o(277¢), for j € Ny. Next set
)i (&) == V;(§) — ¥;_1(§), for j € Ny. Then Z;C:O ¥;(§) = 1 on R, and ¢, is supported in an annulus
of approximate radius 27.
For positive s, we say that a function v on R™ belongs to the Zygmund space C7 if

sup 2 [ (D)ul] o gy < 0.

J€Ng

It turns out that, for non-integer s, the Zygmund space C; coincides with the Holder space C°. But for
integer s, C* is a subspace of C*. The space C! can be also characterised by the requirement that

lu(z +y) +ulz — y) — 2u(x)| < Colyl,

with some constant Cy that does not depend on x or y. There is no space C?.

The good news is that then each WDO with symbol from STy maps Cy into Ci~™, provided that s and
s —m are both positive.

5.4.2 What are the Classes 5% Good For ?
Suppose we are interested in solving a quasi-linear problem
8tU(t7 SC) - ‘A(ta Z, {U}a Dm)U(ta SC) = F(ta z, U)a

using methods from microlocal analysis. The solution is expected to live in a certain Sobolev space. Then
A is a PDO whose coefficients depend on the solution U, and therefore A has only limited regularity
with respect to the z-variable. Consequently we need classes of pseudodifferential symbols p = p(z, &),
for whom the symbol estimates \82‘8? p(z,€)| < ... only involve a finite number of a. Now we follow the

7O1TO HOLDER, 1859-1937
8 ANTONI ZYGMUND, 1900-1992
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presentation of [24]. We consider so-called microlocalizable scales {X?®}sex, which are scales of function
spaces, such as the Zygmund spaces {CF(R")}se(0,00), Or the Sobolev spaces {H,;(R")}se(n/p,00)- The
multiplication of two functions stays inside the scale (which motivates the restriction s > n/p in the
Sobolev case).

Then we say that a pseudodifferential symbol p = p(z, &) belongs to X*STY if and only if
logpc0)]|, < cstm™, vBen.
We can also define a subclass XS} of X*ST, that contains classical symbols.

Then it can be shown that a symbol p € X*S™ generates a map P(z, D): X*T™ — X* provided that
s € 3 and s +m € 3, by means of a tensor product representation.

Now let us be given a symbol p € X*57, and we wish to split it into two parts: p = pt 4 p?, with pf
being smooth, and p? being a symbol of lower order. But there is a price to pay: p* will only belong to a
symbol class ST, not ST%.

The procedure is as follows. Take a cut-off function ¥y = ¥p(&) that is identically equal to 1 for |¢| < 1,
and identically vanishing for |¢| > 2. Then consider scaled versions of 1y, via U;(€) := 1o(277¢). Finally
put ¢;(§) := ¥, (&) — ¥;_1(§). By construction, we have 1 = Z;O:O ;(€), for all £ € R™. This is called
LITTLEWOOD~PALEY'? decomposition of unity.

Next we build a smoothing operator J., defined as a ¥DO like this:

Jef(x) := ho(eD) f (x).

Pick some 4 € (0,1), set &; :=277°, and define

P8 = Y (Je0(.9)6,0),

§=0
which is an infinitely differentiable function of z, because of the smoothing operator J.; acting upon p.

Then it can be shown that p# € 57", and
b e Xs_tS’ﬂ;t‘s, provided that s,s —t € X, t>0.

The nice part is that the leading term p* now is a smooth symbol, and § no longer being zero is typically
no big deal. The remainder term p® has even less regularity with respect to z, because of s —t < s, but
it is a lower order term, because of m — té < m.

Further details can be found in [24].

5.4.3 What Remains True for FIOs ?

We did not present formulas about what happens if we compose a YDO and a FIO (in whatever order),
because this would lead us too far into an integral jungle. But such formulas do exist and can be found
in [17], together with their long proofs. Furthermore, we have stayed far away from making any attempt
of composing two FIOs with two different phase functions, for two reasons: first the computational
complexity, and second — it does not seem to make a lot of sense''. Because a FIO is typically related to
a hyperbolic equation, and the phase function describes “along which path does the information travel”.
Why would one then compose two FIOs with different phase functions, and what is this supposed to
mean ?

On the other hand, the adjoint operator of a FIO is meaningful, and formulas can be found in [17].

FIOs map between I? based Sobolev spaces as expected: if A is an FIO with an operator phase function,
and if its symbol a € ST, has global symbol estimates, then A maps from H STM(R™) continuously into

9JoHN EDENSOR LITTLEWOOD, 1885-1977

LORAYMOND PALEY, 1907-1933

11 This could be a general principle: if an author’s calculations become much more complicated than the author can endure
(let alone a reader), then the reason could be that contact to reality has been lost, and the formulas under consideration do
not describe a meaningful situation.
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H?*(R™). However, the situation is much worse in IP: in [21] you can find mentioning of the result that
an operator A with symbol a € S7y will map I7(R") into itself provided that

1 1
mg—(n—l)’—’.
2 p
These restrictions on the parameters turn out to be sharp. Similar results for the wave equation have
been obtained in the early 1980s by PERAL, BEALS, MIYACHI, and others.

In particular, zero order FIOs will not map IP(R™) into itself, except for p = 2 and n = 1. The special
situation n = 1 is no surprise, because then we often have solutions in the shape of travelling waves, for
which any Lebesgue norm does not change as time goes on. And also the case p = 2 is special, because
we can prove (without any microlocal methods) that the wave equation can not be well-posed in IF(R™),
except if p = 2. Hyperbolic problems don’t make sense in IP.

And zero order FIOs do map Holder spaces C® into C*~("~1)/2 with a loss of (n—1)/2 derivatives, which
corresponds to a limit p — oo in the previous loss formula.



Chapter 6

Boundary Value Problems

6.1 General Principles

This part follows [25].
Let Q be a bounded domain in R™ with boundary 92 in C'°°. We consider the boundary value problem

A(x,D)u = f(x), x€Q, (6.1)
Bi(z,Dyu=g(x), z€0Q, j=1,...,J, '
with scalar operators A, Bq, ..., By (some J). Suppose A of order 2m is elliptic on R"™, its coeflicients are

from Cp°(R™), and the coefficients of B, are from C;° in a neighbourhood of 09, and ord(B;) = m; € Ny.
Question: given A, what are conditions on B; to make (6.1) well-posed ?
Question: what means “well-posed” ?

Being well-posed should imply at least that the map

A H9—2m(Q)
By Hsfmlfl/Q(aQ)
) : H?(Q) — .
B HS—mJ—l/Q(@Q)
is an isomorphism, for each integer s > max(2m,m; +1,...,my + 1).

And amap T € L(X,Y) being an isomorphism between two Hilbert spaces X and Y means (among other
things such as boundedness):

e 7 is injective
e 7 is surjective.

Recall that every bounded map T from X to Y admits the orthogonal decompositions into closed subspaces

X =ker T @ (img T*), Y =ker 7" @ (img 7),

with the over-line being the topological closure. Now T is injective iff ker T = {0}, and T is surjective iff
imgT =Y. Now take T = (A,By,...,B;) " from above. We wish to show

ker T = {0}, ker 7* = {0}, img T is closed.

To prove this, we quote another lemma from functional analysis: if X and Y are Banach spaces, and T
is a (possibly unbounded) operator acting from a domain D(T) C X into Y, and T is closed, then the
following are equivalent:

e there is some € > 0 with ||Tz||y, > € ||z|| for all x € D(T);

e 7 is injective, and img T is closed.
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Therefore we wish to prove, with 7= (A, By,...,B;) T, and with some lower regularity bound sg:
J
Vs > s0: 305 Yu€ H(Q): lull oy < Cs | MUl go-zmay + Y 1Bull gomms=17290) |+ (6:2)
j=1

and if the formal adjoint of T is T* = (A*, B], ... ,B’}*)T, with ord B} = mj, then

.
Vs > so: 3Cs: Yu € H*(Q): ullge(q) < Cs | AUl gre—2m o) + Z H%;TuHHSfm;fl/z(am . (6.3)

=1

Now what is the formal adjoint operator T* ?

To answer this, we have to dig deeper. Let v(x) be the outward unit normal vector at x € 92, and let 7
denote any of the n — 1 tangential directions at z, for some suitably chosen coordinate frame at . Then
each B; can be written as

3j(anm) =70 Z bjkﬁ(x)DfDlljv
k+|Bl<m;

with 7o being the trace operator at the boundary 0€2. We assume that the highest order normal derivative
is actually present for each z € 0, which means bj,,0(z) # 0 for all 2 € 9. The reason for this
assumption is twofold: if bj,,;0 somewhere equals to zero, and elsewhere not, then we have a mess; but
this course is meant as an introduction. And the second reason is that such a situation will turn out to be
excluded anyway, by the SHAPIRO-LOPATINSKIJ! condition? which we are going to develop in the sequel.

Next we can assume that all the orders m; are distinct. Because if mq = mq (say), then the boundary
conditions expressed by B; and By either contradict, and the BVP (6.1) is unsolvable anyway (for non-
cooperating g1, g2), or we can substitute one boundary condition into the other, and get new boundary
conditions for which then m; # mo becomes true. By re-ordering we then get m; < ms < ... <my. We
also assume my < 2m — 1, without giving a reason. Such a system (By,...,B ) of boundary operators
is called a normal system. We remark that it is always possible to find a function u that satisfies all the
boundary conditions B;u = g;.

Now we have a look at A(x, D), evaluated at a boundary point xzo. By assumption, A is elliptic, which
means that its principal symbol as,,(x, &) does not vanish, for each & # 0. Now take z = z¢ and & || v:
aam (zo,v) # 0. Therefore, near xg, A has the form

A(x,Dy) = ag(z,D;)DS, g #0, ord(a) < 2m—L.

In particular, A contains an item with 2m normal derivatives, everywhere at the boundary. We extend the
vector field v from 99 to a (two-sided) tubular neighbourhood of 9Q). Now we choose a cut-off function
x which has support in a tubular neighbourhood of 92, and is equal to 1 in a smaller neighbourhood of
0f). Then we write

2m

A, D;) = (1 = x(2))A(z, D,) + Y x()ae(x, D) Dy
£=0

Consider the integral fQ (Au)v dz, for smooth functions w, v, and try to shift as many derivatives from u
towards v, by partial integration.

The first part of A is easy to handle:

/Q(l—x)(Au)~de:/u-mdx,

Q

1YAROSLAV BORISOVICH LOPATINSKIJ, 19061981
2This condition has been discovered 1953 by Z.YA. SHAPIRO and Lopatinskij independently, but more abstract and more
general results have also been obtained by MARK I0SIVOVICH VISHIK (1921-2012) in 1952.
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without any boundary integrals. The second part of A is only relevant near the boundary, and first we
handle the tangential derivatives D, :

/ ag z, D )De vdx—/ZX DZ ) -a(x, Dy )vde,
€ =0

for some function y supported near the boundary, and some differential operator a; of order < 2m — £ in
tangential direction. It remains to bring away the derivatives D! from . To this end, we remark that

/Qx(a:)w(z) SObudr = /Qx(x)w(z) (17' V)@fflu dz
- /Q div (X(x)w(x)ﬁ(x)aﬁflu(x)) — div (X(x)w(z)ﬁ(x)> -9 () da
:/ x(z)w(2)05 tu(x) do
o0
— /Qdiv (X(x)ﬁ(x))w(x) SO () da — /Qx(w) <8yw(x))8f*1u(x) dez,

for a generic function w. Continuing in this style, we end up with

2m—1

/(Au) vdx—/u Arvdz + Z / (€)d

with some differential operators on the boundary,

2m—1—/¢

Z Yocei(z, DT)D,i, ord(eg) <2m—1—40—1, ceom—1—¢ # 0.

Now we split the set {0,1,...,2m — 1} into two disjoint parts,
{0,1,...,2m —1} = MU M, M:={myi, ma,...,my}, M:={0,1,...,2m — 1} \ M.
Then we can write
/(Au) vdx—/u A*vdx—&—Z/ -(Cw)do + Z/ Cgv do,
LeMm LeM

and in the first boundary integral, we may plug in the boundary operators B;, where we take the liberty
of re-defining Gy if necessary:

/(Au) vdx—/u A*vdx+2/ (Bju) - (Cmyv da—i—Z/ - (Cv) do,

e M

from which we can read off what J* and B;f are: it holds J* = 2m—J, and the adjoint boundary operators
Bi, ..., Bj. are the operators C; with £ € M. We remark that the B} are not uniquely determined

(because our choice D%u of the other factor in the integrand was somewhat arbitrary).

Now we are (finally) in a position to explain what T and T* actually are: since the boundary conditions

{B1,...,B;} can be satisfied anyway, we may shift u appropriately and assume that all the g; are zero.
Then T = A, defined on D(T) = {u € H*™(Q): Byu = --- = Byu = 0}. And similarly we can set T = A*,
defined on D(T*) = {v € H*™(Q): Bjv = --- = B%.v = 0}. If u € D(T) and v € D(T*), then we have

indeed [,(Au) -vdz = [, u- A*vdz.

This was just a sketch of how to construct 7%, a thorough presentation can be found in [30].

However, we often have no chance of proving uniqueness of a solution to (6.1), because it is very hard to
determine all the eigenvalues precisely; and for given (A, B1,...,B )", we have no possibility of knowing
whether “we are sitting on an eigenvalue of the problem” or not. Therefore, instead of showing (6.2)
and (6.3), we settle for less:
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Try to prove that, for each s > sg, there is some C; such that for each u € H*(Q2), we have

J

il ey < Cs | 1Al go-2m gy + S NB gl oy 172500+l gy | (6.4)
j=1
J*

el oy < Cs | A"l pre sy + D0 B30l s 172 + Nl rgey | - (6.5)
j=1

Then ker T and ker 7* will be contained in Ny>4, H*(Q), with higher order derivatives bounded by lower
order derivatives. Every bounded and closed subset of ker T is then compact, hence ker T (and ker T7* as
well) are finite-dimensional.

We observe that (6.4) and (6.5) are stable under perturbations of A and Bj;, in the following sense: if
we change the coefficients of lower order terms of A and B; by whatever smooth function, then we can
absorb this perturbation into ||u|| .- on the RHS, perhaps making C, bigger. And if we perturb the
highest order coefficients of A and B, by a small amount (“small” measured in appropriate C} norms for
some (perhaps large) t), then we can absorb this change into the LHS if the perturbation is only small.

The following two sections will establish:

e if (6.4) holds, then (A, By,...,B ) satisfies the SHAPIRO-LOPATINSKIJ condition,

o if (A,Bq,...,B ) satisfies the SHAPIRO-LOPATINSK1J condition, then (6.4) holds.

6.2 Necessity

We assume that (6.4) holds for all functions u € H*(2), and we look what can be concluded from that.

To keep things easy, we fix the Sobolev order s as s = 2m. Pick some point zy € 92 and some small
positive . Then (6.4) holds in particular for all uw € H*(Q) with support in Q N B.(zg) =: U.. We
introduce a new set of Cartesian coordinates (y1,...,y,), with origin at zp, in such a way that the y,
axis points from xg along the interior normal direction, and the other axes point tangentially at xy along
09Q. We rewrite the system and the boundary conditions in the new coordinates, and (6.4) continues to
hold, perhaps with bigger Cs, because the Sobolev norms can be an-isotropic (depending on how you have
defined them).

Now our intention is to introduce yet another coordinate system, in such a way that 92 becomes “flat”
near zy. Expressed in the y-system, the set U, is

Us={yeR": |y| <e,yn > h(y1,92,. - Yn-1)},

for some smooth function h with hA(0) = 0 and Vh(0) = 0. We also introduce the notation y’ :=
(y17 .o ,yn—l)- Then Yy = (y/7yn)

The new coordinates are (z1,..., z,) with

21 = Y1y Rn—1=Yn-1, 2Zn ‘= Yn — h(yla' . ayn—l)a

and the set U, is mapped onto a set V.. The boundary 92 near x is then described by z, = 0. Crucial
in this flattening procedure is now |Vh| = O(e), for |y'| < e. When we rewrite the PDE Au = f and
the boundary conditions in the z-coordinates, we have to transfer y — ®(y) = z, with ® being a smooth
diffeomorphism, and then the principal symbol pp,(z,¢) of a DO P (in the z world) transfers along the
rule

Ppr(2,C) ~ ppr(P(y), (CI)IQ/))_TU)

into the y-world, with (®(y))~ T being the inverse of the transpose of the Jacobi matrix. In our case,
®'(y) = id +0O(e) is almost equal to the identity matrix id, which means that the highest order coeflicients
of A and of B, change only by O(e) (measured in the L norm), and lower order coefficients can change in
a complicated way. We write A(z, D) and B;(z, D,) for the new operators. Similarly, we write u(x) when
we refer to the function u in the old z-coordinates, and u(z) when we refer to u in the new z-coordinates.
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Moreover, let us freeze the coeflicients of A and B;: instead of z, we use 0. This brings a change of size
O(g) in the coefficients (assuming they are Lipschitz). The result then is: for all u = u(z) € H*™(Q) with
supp u(x) C U, we have

J

”U(Z)HH%L(VE) < 2C; ”A(Osz)uH[?(vE) + Z HBj(OaDz)u||H2m—mj—1/2(avam{z; =0} T HUHH%L—l(VE)
j=1

Now because of supp u(x) C U, the function u(z) equals zero in a neighbourhood of the “roof boundary”
of V.. Then we may tacitly extend the function u(z) to the set R} := {z € R™: z, > 0} by zero values,
and the result then is

J
02 g ey < 25 | 1A, D2l ey + 31850 DJull ooy 172y + [l | -
j=1
valid for all functions u(z) € H?™(Q) with suppu(z) C U..

As a next simplification step, we shift all lower order terms of A(0, D, ) acting upon u(z) into the remainder
||u||H2m,1(R1), at the expense of increasing Cs. We do the same with all lower order terms of B;(0, D.):

J
||“(z)||H2m(R1) <C, ||Apr(0aDZ)“||L2(R¢) + Z ||Bj,pr(0aDz)uHH?m*mj*1/2(]1@—1) + ||u||H2m*1(]Ri) )
j=1
valid for all functions u(z) € H?™(Q) with suppu(z) C U..
Define f(z) := Ape(0, D;)u(z) and g;(z") = B, (0, D;)u(2’,0). Then we know that

mwmwmsq|unpm+2m]nmwhwwuﬂwnmwmﬁ. (6.6)

On the other hand, we can calculate v from f and all g;, as follows: We know

Y aa(0)Dfu(z) = f(z),  z€RYL,
|a|=2m
Z bjkﬁ/(O)Df, DEu(2',0) = g;(2"), Z e R*71, j=1,...,J,
k+|B'|=m;
and now it becomes possible to perform a partial Fourier transform in tangential direction, replacing z’
by its co-variable ¢’. Observe that Ap. (0, D;)u(z) = f(z) can also be expressed as

2m
ST 03 awr(0)DY Dru( z) = F(2, 2).

k=0 |a’|=2m—k

We introduce the pseudodifferential symbols

(@)= S awsO@ b= S bus ()7,

o |=2m—k |8 |=m; —k

and the partial Fourier transforms

ﬁ(clv'zn) = Z’HC/{U(ZIVZH)}? f((lvzn) = Z'%C/{f(zlazn)}v g](cl) = Z'HC/{Q(ZI)}W

and then we know that

Zak D (0 C Zn)Zf(C',Zn% CIERnilv 0 <z, < oo,
6.7)

mj

Zbgk (¢ 0)=g;(¢),  CERL =1
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And moreover, from u(z) € H*™(R"}) we in particular get u € I?(R" ), which implies (by Plancherel)

/ / |6(¢', zn) [ ¢’ d2y, < 00
2n=0 R?,‘l

Similarly, f(z) € I*(R7) gives us

/ |f(<lv Zn)|2 dcl dz, < co.
2, =0 Rg,—l

Now (6.7) is an ODE in the variable z,, with constant coefficients, and with J boundary conditions at
zn, = 0. Therefore, the solution @((’,-) can be constructed by methods which we know from the ODE
courses (it is just tedious).

Now we present the famous SHAPIRO-LOPATINSKIJ condition first, and afterwards we explain why it
follows from the validity of (6.4).

Condition 1 (Shapiro—Lopatinskij). For all ¢’ € R"~1\ 0, the initial-boundary value problem
2m
Yo ar(¢)DEv(z) =0, 0< 2, < o0,
k=0
lim wv(z,) =0, (6.8)

Znpn—+00

> bi(¢)DEv(0) =0,  j=1,...,J
k=0

possesses only the solution v = 0.

Our strategy will be: assume that Condition 1 is wrong. Then we will carefully construct a function u
for which (6.6) is wrong. But (6.6) has been found as a conclusion from (6.4).

Let us be given some ¢’ € R"~1\0. We calculate all functions v = v(z,,) that satisfy the first two equations
of (6.8). We make the ansatz

’U(Zn) — eiTZn

with unknown 7 € C, and substituting into the first equation then gives

2m
(Z ak(C/)Tk> el 20,
k=0

which implies ap,(0,{’, 7) = 0, and ap, (0, ¢) is the pseudodifferential symbol of A, (0, D). The equation
ape(0,¢’, 7) = 0 is a polynomial in the variable 7 of degree 2m. Because A is elliptic, the solution 7 cannot
be a real number. We assume for simplicity that the polynomial 7 — a,.(0,¢’,7) has no multiple roots.
Then there are my roots 71, T2, ..., T, with strictly positive real part, and there are 2m — m, roots
with strictly negative real part (which do not matter because of the second equation in (6.8)).% Hence we
have shown that all functions v = v(z,) which decay for z, — +oo and solve Zi’ﬁo arp(¢)DEv(z,) =0
are given as

my
v(zn) =Y crexplinz,), e €C. (6.9)
(=1

If ¢’ € R*! is being replaced by t¢’ (with ¢t € R ), then 7, € C \ R is being replaced by tr,. Now we
understand the second equation in (6.8): if some item exp(iTz,) with 37 < 0 were present in v, then this

item would explode for fixed positive z, and |¢'| — oo, contradicting the requirement that the function
¢' — a(¢, z,) belong to L2(R2‘,*1).

3We remark that it can be shown my = m if n > 3.
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Now we assume Condition 1 to be wrong. Then there is some 3’ € R*“!\ 0 and ¢y, ..., cm, € C (at least
one of them non-zero) such that the function

my
vi(2zp) == Z coexp(itTzy), apr (0,83’ t17) = 0,
=1
satisfies all equations of (6.8), for all t € R, . Let us assume that the roots 71, ..., 7,,, are numbered in
such a way that ¢; # 0 and 7; has the smallest (positive) imaginary part of the i, ..., 7,,,, . We choose

a smooth function ¢ = p(z) with small support near z = 0, and then we set

u(z) == p(2) exp(it’ - 2') - ve(zn).

We claim that this function violates (6.6) for large ¢. The only purpose of the function ¢ is to make sure
that the function u(x) (expressed in the z-language) has support in U..

Let o € N be a multi-index. What is the largest contribution to |D%u(z)|, for large ¢ ? If one derivative
lands on ¢(z), then we waste one factor ¢. Hence we find that the largest contribution is

()] - 1ol |6y

Therefore, the LHS of (6.6) has growth order t>™| exp(—S7itz,)|, which still needs to be integrated over
Zp, resulting in t2m—1/2,

er| - || - Jexp(=STitz,)| -

The first term on the RHS has growth order t*™~1|exp(—371t2,)|, because now at least one derivative
lands on ¢(z), by the very construction of the function v;. The same applies to the second term on the
RHS of (6.6), which has a growth order #>”~3/2. And the third item ||u(z)||H2m_1(R1) on the RHS is

obviously weaker than the LHS.
This reveals to us that for large ¢ the RHS of (6.6) becomes smaller than the LHS, which is absurd.

Therefore, Condition 1 is necessary for (6.4) to hold. Now the third line of (6.8) must be strong enough
to enforce that all the coefficients c1, ..., ¢y, from (6.9) are zero. This makes J > m4 necessary.

Now we can repeat this reasoning with the other inequality (6.5) that refers to the adjoint problem. The
numbers 7 do not change. And in that case, 2m — J > m, becomes necessary.

Together with m, = m (which can be proved for n > 3 and is an additional requirement (but a very
realistic one) for n = 2) we then find

J =m,

as necessary condition for the well-posedness of (6.1).

6.3 Sufficiency

Now we assume the following: the operator A is elliptic, the Condition 1 holds at every point zy of the
boundary 02, and m4 = J = m. We claim that then (6.4) holds.

For clarity, let us retrace the steps we have gone in the necessity part:
e pick a point zy € 9Q and a small one-sided neighbourhood U, C € of xy,
e translate and rotate the coordinate system, obtain yi, ..., y, as new coordinates near x,

e flatten the boundary, obtain a new neighbourhood, and new coordinates z, ..., zp, with g now
corresponding to z = 0,

e throw away lower order parts of A and B, obtain A, and B; .,
o freeze the coefficients of A, and B; ..,

e perform partial Fourier transform in tangential direction, obtain an ODE in z, direction with con-
stant coefficients that depend in a polynomial way on the Fourier variable ¢/, which is the frequency
variable associated to z’.
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The solution to an initial-value problem to an ODE of order 2m with constant coefficients is built from
2m linearly independent solutions of the form z, +— exp(itz,), with the usual modifications in case of
higher multiplicities. By the assumption m; = m, m of these 2m linearly independent solutions have
exponential growth for z, — 400, which makes them inadmissible (because these functions have also
exponential growth for |¢’| — oo, thus they are not members of I?). Hence only m linearly independent
functions of the type z, — exp(iryz,) remain. Furthermore, the condition J = m means that we have m
initial conditions prescribed at z, = 0. After we have done all the necessary substitutions, we end up with
a system of m linear equations for m unknown complex numbers ¢y, ..., ¢, which is a problem known
from linear algebra. The Shapiro—Lopatinskij condition means that the resulting matrix of size m x m
has only a trivial null-space. But this is equivalent to the invertibility of this m x m matrix.

The final conclusion then is that the above mentioned inhomogeneous ODE of order 2m is uniquely
solvable; and it can be shown that its solution enjoys an estimate that is compatible to (6.4).

What do we have now: we can split the function u into many little pieces, and each piece satisfies an
estimate which looks like (6.4). What remains to be done is to glue the pieces together.

Let Q be covered by open sets Uy, with k& = 1,..., K. Note that (in deviation to the notation in the
previous section) some sets Uy will contain portions of the complement set R™ \ Q. To each Uy, let
us be given a cut-off function ¢, with support inside Uy, values between 0 and 1, and suppose that
Zszl or(z) = 1, for all z € Q. For later use, we prepare functions v with bigger support than ¢y,
with ¢y (x) = 1 for x € supp pg. The result then is pp = @rtr. We can arrange the supports in such a
way that nowhere do more than Ny supports of the functions ¢y overlap, with some natural number Ny
that only depends on the space dimension n. This would turn out to be relevant should we later find it
necessary to make the sets Uy smaller — then the number Ny will not grow.

Then we can split the given function u € H*™((2) according to u = Zszl(gaku). Now fix some k.

The inner case: the set U, does not intersect 9)
The elliptic operator A has a parametrix A*, which is a DO of order —2m, such that AfoA = id —R
with a smoothing operator R. It follows (with [A, pi] being the commutator A o pr — @gA)
pru = A* o Appu + Regu,
||90ku||H2m(Q) <C ||A(<Pku)||zﬂ(w) +C ||<Pku|\[ﬁ(Rn)

< CllprAul pn + C | [Au]u|| |+ Cllorull pn

12 (Rn)

= C llpwAull 2y + C || [A: x| e ey F IRl

< Cllppull iy + C sl oy + C losul ey
< CllewAull 2y + Cllwull gam-1 (q) -

The boundary case: Uy intersects 0f2

We recall the various coordinate systems, in the variables z and y and z. We also need names for
the various operators:

e A and B; are the operators we are actually interested in,

) f[pr and @j,pr mean the following operators: in the z-language, we have thrown away the lower
order terms, and we have frozen the coefficients of the highest order terms. If we then translate
back into the x-language, we obtain A, and B; ..

e A and @j: as before, but now we add back the lower order terms.

The operators A and A do not differ in the lower order terms; and their coefficients of the highest
order terms differ in size O(e). Similarly for B; and B;.

The operators (flpr, @1113” . me,pr) constitute a uniquely solvable BVP, hence we know

m
TS (OIS A .
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Now we add back the lower order terms, which are operators of order 2m — 1 in the A case, and of
order m; — 1 in the B; case. Consequently,

lotlney < € | Ak, g, + 32 [B080] o sy * o8

Now we repair the highest order terms in the operators:

lerull gm0

m
< O [ 4@k 2y + D 1B (1) gam—m, 17200 + € 0kl gramqy + sl gam-1 (g
j=1

Note that the many constants C' can change from place to place, but they do not depend on e¢.
Hence we can arrange that 0 < Ce < %, and then the corresponding term from the RHS can be
brought to the LHS.

We can now unify both cases:

m
||S"ku||H2m(Q) <C ||90k“q“||L2(Q) + Z ||SDkBju||H2""*""j*1/2(09) + ‘WkUHHZ'mfl(Q)
j=1
We square it, and note that the RHS contains a sum of m + 2 items ¢1, ..., t;,42, for which we recall the
classic inequality between the arithmetic mean and the quadratic mean:

bt A lmgr _ 14+t

my2 g hemee (B tng2)” S (A 2)( e tga),

from which we then deduce that (changing C' by a factor depending only on m)
2 2 2 2
lortullzrzm oy < C% | llopAulza@ny + Y lorBullgzn—m-1/2 00, + 1¥rul fam-1 0
j=1

Now we sum over k,

K K m

2 2 2 2
Z owullgram @) < c? Z lorAulz2q) + Z ok Bjull gam-—m;-1/2 g0y + IPrtllgr2m—1(q) | »
k=1 k=1 j=1

and the first term on the RHS can be handled by (2 < ¢y, because of 0 < ¢y, < 1:

K

2
> el = [
k=1 Q

The remaining two items on the RHS are to be treated in a similar style, but now it will happen that
some derivatives will act upon ¢ and v, leading to large factors if these cut-off functions are steep.

Now it remains to handle the LHS:

K K
S ekl =S Y /Q 102 (r)? da
k=1

ul 9 2 us 2 2
Y ¢i(@)|(Au)(x)] dwﬁ/ﬂ, > en(@)|(Auw) ()| dz = [ Aull7z g -

@ k=1 @ k=1

k=1]|a|<2m
1 K K
>52, 2 / lor0Zul® dz — O Y pwullan—s
k=1 |a|<2m "’ P
1 K K
o, |2 2
5> (Zwiu))ww de— O ulfans
|a|<2m Q k=1 b1

K 2 K
1 o2 )
- 2Ny Z /Q (Z SDk(z)) 1Ozl dw - Cz [okullggom-s -

|a|<2m k=1 k=1

This then will conclude the proof of (6.4).
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6.4 Indications on a General Microlocal Theory of BVPs

Let us have a look at

e the operators that constitute an (elliptic) BVP,

e the operators that solve it,

and try to get a unified perspective, in the language of pseudodifferential calculus.

We have a domain @ C R"™ with smooth (C*) boundary 0f). The easiest case is @ = R} :=

{(z1,...,2n): ©n, > 0}. Further, we have a (scalar or matrix) operator A(x, D;) in Q with smooth
coefficients, and a boundary operator B(x, D,). We wish to solve

Au = f, in Q,

Bu = g, on 01},

for given f, g. The functions u, f, g can be scalar or vectorial, and A, B can be scalars or matrices of
appropriate shape.

The best we can hope for is: for each f € Cp°(Q2), g € Cp°(09), there is a unique solution u € C°(Q).

Here Cp°(€2) consists of all functions from C°°(Q) that are bounded together with all their derivatives,
and all derivatives can be extended continuously from € to the closure 2.

If A is a PDO, then A maps Cp°(2) — Cp°(€2), and B maps Cp°(2) — Cp°(092). We write this as
" @)
(‘B) O — @
Cpe(09),

and (g) is to be read as a matrix with one column and two rows, which maps from a scalar object to a
two-component vectorial object.

Can we make A a YDO ? Then A is a nonlocal operator, and care is needed. Suppose that o(A) is known
on R} x RE. To define the action of A upon a function u € C3°(£2), we define the extension eju from
to R”,

(esu)(@) ==

u(z) :x€Q,
0 cx € Q,

which is an expression to which we can apply the ¥DO A. The resulting function A(eu) is then restricted
from R™ to Q, using a restriction operator r. Instead of A (to be applied upon functions defined on R™)
we therefore consider the operator

Ay =ryoAoey,
to be applied upon functions from Cp°(€2).

Does each WDO A generate a restricted operator A that maps Cp°(€) into itself 7 No, already (D) is

a counter-example. The reason is (take = R’} for sake of clarity): each function u € Cp°(Q) allows for
a Taylor expansion (in the normal variable) at the boundary:

L
VL eN: w(zy,...,zn) = Zce(xl, o) -z Ok, for z,, — 04,
£=0
with some coefficients ¢, that depend on the tangential variables (z1,...,Z,—1).

Now if A is a general ¥DO (even if it is a classical operator), it may happen that A, u has an asymptotic
expansion in z,, that not only contains the powers 20, z1 22, ... but also additional terms such as
a3 log xy,, 2 (logx,)?, and other stuff (which we do not want).

We wish that A, “preserves Taylor asymptotics”, and for this it is necessary and sufficient that o(A)

fulfils a so-called “transmission condition”. Then we indeed find that

@

A b

( B*) L O — ® (6.10)
Cpe(09).
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The operator A, here is a YDO that satisfies the transmission condition, and B is called a trace operator.

Now we look at how to solve BVPs. Our example is

Au=f, inQ,
u=g, on Jf).

Solving this BVP is done in two steps: we ignore the boundary condition, extend f to R™ by zero, then
apply (1.2) (to the extended version ey f of f) and get uj(z) = (r+Pey f)(x), with P being a ¥DO on R"
with the (non-smooth) symbol ﬁ For f € C°(Q), we have u; € C*(£2), and since ﬁ satisfies the

transmission condition, we even have u; € Cp°(Q).

By construction Awuy(z) = f(x) for x € Q. But u; does not have Dirichlet values g at 9, so we need a
correction uy that solves

U =g —ug, on .

{Aquo, in Q,

If Q is a ball, then Proposition 1.1 tells us how to calculate uy from g — u;: we apply a so-called potential
operator K which maps functions defined on 0f) to functions defined in Q:

us = K(g — uq).
Such operators X exist for any smooth 2. Then we set u = u1 + us, and we write this as

u=ryPerf+K(g—riPesf)
= (r+oﬂ>oe+—ﬂ<or+oﬂ>oe+)f+5<g.

In matrix notation, this then becomes

u= ([rpoPoey —KorpoPoey] :K)G;)

The mapping matrix has one row and two columns, and it is being applied to a column vector with two
entries.

The item —Kory o Poe, is called singular Green operator®, and it takes a function defined in €, from
which it produces again a function defined in (.

This solving procedure (first determine u; solving the interior problem, then finding a correction term wus
to take care of the boundary conditions) is applicable to any elliptic BVP, and we get a solution operator
in matrix form

e ()
([P++9  X): ® = O (), (6.11)
C2(09)

with P as a DO, G as a singular Green operator, and X as a potential operator.

Now comes the ingenious idea of BOUTET DE MONVEL’: to bring the column matrix (/;;) from (6.10)
and the row matrix ([P++$] X)) into a 2 x 2 matrix:

([A+ +9 X ) Cz?‘;é“) = @(Q)
: —
B C5=(09) C5=(09)

4GEORGE GREEN, 1793-1841
5 Louls BoUTET DE MONVEL, 19412014
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The entries map like this:

A +5: O (R) — Cpo(Q),
K C52(09) — CR(Q),

B: CF(Q) — Cp2(09).

The entry is not yet needed, and the only choice that makes sense is to keep it available for some
mapping from Cp°(02) into itself, which will turn out to be a ¥DO defined on 0f2.

Operators of the shape

a (M9 )

are called Operators in the Boutet de Monvel calculus.

The main results are:

e those operators 2 form an algebra. This means that they form a vector space, and we have an
operator multiplication which is compatible with the vector space operations. The operator multi-
plication is obtained by composing two such operators 2l and 2 in the sense of a 2 X 2 matrix-matrix
product, and the resulting product is again an operator from the Boutet de Monvel calculus.

e taking adjoint operators stays in the calculus, under extra conditions.
e we have asymptotic expansions in descending orders of certain symbols.

e we have a concept of ellipticity, as invertibility of the principal symbol of 2. This incorporates the
Shapiro-Lopatinskij condition naturally.

e clliptic operators have parametrices, and these are again operators in the Boutet de Monvel calculus.

We have omitted all the details and technicalities. A nice introduction is [20], and the canonical reference



Chapter 7

Applications

7.1 General Principles

We recall what it means when we say that a collection of scalar operators (A, By, ..., B,,) constitute an
elliptic BVP on a domain 2 C R": we have a PDO A of order 2m and PDOs B; of order m; < 2m — 1,
all having smooth coefficients (and all their derivatives are bounded), such that:

A is uniformly elliptic on Q:

there is a positive constant C' such that the principal symbol a,, of A satisfies

|apr(I7£)| Z C7 V«/L' S g, v‘£| — 17

(A,Bq,...,B,,) satisfy the Shapiro—Lopatinskij condition everywhere on 92:

For every zy € 99, the following holds: at xg, introduce a new coordinate frame (yi,...,y,), with
y' pointing tangentially, and y,, pointing in normal direction. Freeze the coefficients of A and B, at
y = 0, and consider the principal symbols a,(0,7) and b; ,:(0,1). Then (for each n € R"~1\ 0) the

ODE
apr(ovn/aDyn)v(yn) =0, 0<y, <oo,
li =
pm v(yn) =0,

bjpr(0,7', Dy J(0) =0, j=1,....m,
possesses only the trivial solution v(y,) = 0.

We have seen in the previous section that the null space of this BVP then is a finite-dimensional space of
smooth functions; and the same holds for the null space of the adjoint BVP; and we have the estimates (6.4)
and (6.5).

Now let us consider the matrix case: we have operators (A, Bi,...,B,,), with orders as above, but
now each of them is a matrix differential operator of size N x N. Again, all the coefficients are smooth
functions, with all the derivatives being bounded. We say that this collection of matrix differential
operators constitute an elliptic BVP on (0 if the following holds:

A is uniformly elliptic on Q:
there is a positive constant C such that the N x N matrix-valued principal symbol ap, of A satisfies
|detap:(2,§)| 2 C, VzeQ, V=1

(A, Bq,...,B,,) satisfy the Shapiro—Lopatinskij condition everywhere on J{2:

For every zy € 912, the following holds: at xp, introduce a new coordinate frame (y1,...,y,), with
v pointing tangentially, and y,, pointing in normal direction. Freeze the coefficients of A and B; at

87
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y = 0, and consider the principal symbols ap,(0,7) and b; ,,(0,7). Then (for each n’ € R"~1\ 0) the
system of N ODEs

ape(0,7', Dy, )o(yn) =0 € CN, 0 <y, < o0,
lim w(y,) =0,

Yn —>+00

bjpr(0,7, Dy Jw(0)=0€CY, j=1,....m,
possesses only the trivial solution v(y,) =0 € CV.
And again we are able to show that the null spaces of this BVP and its adjoint BVP are finite-dimensional

spaces of smooth functions, and we have estimates very similar to (6.4) and (6.5). The proofs are basically
the same. The only issue which requires some attention is that the matrix product is non-commutative.

Ellipticity means invertibility of the principal symbol. ‘

In the scalar case, the principal symbol of A is a scalar function that must be separated away from zero;
and in the matrix case, the principal symbol of A is an N x N matrix that must be uniformly invertible.
The principal symbol of the parametrix A*f of A then is the inverse matrix to apr(z,€), which then has
again smooth and bounded matrix entries (which follows from the well-known formula of an inverse matrix
via determinant and cofactor matrix).

We now have a look at a sub-class of elliptic systems. The condition |det ap(z,£)| > C in particular
means that 0 is no eigenvalue of the matrix principal symbol. In many realistic situations however, much
more is true: all the eigenvalues of the principal symbol avoid a certain sector £ of the complex plane.

Definition 7.1 (Parameter-elliptic BVP). Let £ be an open sector in C, centred at the origin, aug-
mented by 0:

L:={z€C:0; <argz <0} U{0}, with some 01, 05.

We say that (A, B1,...,B,,) is a parameter-elliptic BVP in the sector £ if A and B; are matriz-valued
PDOs with smooth coefficients, and orders 2m (for A) and m; < 2m —1 (for B;) such that the following
conditions hold:

A is uniformly parameter-elliptic on Q:

there is a positive constant C such that the N x N matriz-valued principal symbol a,, of A satisfies

|det (ape(z,€) — Midy)| > C, Vo €Q, V(AN ER" x Lt |+ ¢ =1;

(A, B1,...,B,,) satisfy the Shapiro—Lopatinskij condition everywhere on 90Q:

For every o € 09, the following holds: at xg, introduce a new coordinate frame (yi,...,Yn),
with y' pointing tangentially, and y, pointing in normal direction. Freeze the coefficients of A
and B; at y = 0, and consider the principal symbols ap:(0,n) and bj(0,n). Then (for each
(n',A) € (R*1 x £)\ (0,0)) the system of N ODEs

(apr((),n’,Dyn) - )\idN)v(yn) =0eCV, 0<y,<oo,
lim v(y,) =0,

Yn —>+00

bipr (0,7, Dy, J0(0)=0€CY, j=1,....m,
possesses only the trivial solution v(y,) =0 € CV.

The probability is very high that any elliptic BVP which you have ever seen! in your career is actually
parameter-elliptic in a certain sector.

lwith the exception of the Cauchy-Riemann equations from complex analysis
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Take for instance A(z, D) = A+ Y _; bi(2) Dy, + ¢(x) with boundary condition By (z, D) = % +7(x).
The principal parts are the Laplacian and the Neumann boundary condition. To check the Shapiro—
Lopatinskij condition, we have to consider

apr(O,T]/,Dy") = _|77/|2 + ajnv bpr(0>77/vDyn) = 0y,

With A coming from a certain sector that will be determined later, we then have a look at

2 2 —
(02, = 1012 = \)olyn) =0, 0<p, <0,
0y, v(0) = 0.

We multiply the differential equation by v(y,) and integrate over (0, c0):

0= [ o (WP A == [P+ Pl <A [ ()P du
0 0 0

and from this we read directly: whenever S\ # 0, then v = 0. And whenever ) is a positive real number,
then also v = 0.

The only numbers A, for which the Shapiro—Lopatinskij condition could be violated, are the negative reals.
Hence we have found that this BVP is parameter-elliptic in every sector

L=%,_.:={z€C:|arg(z)| <7 —¢}, 0<e<m.
Now comes the first result in this course which guarantees us the existence of a solution to some equation:

Theorem 7.2. Consider a scalar operator A of order 2m, and boundary operators By, ..., By, of orders
my < mg < ...< My,. Fiz some Lebesgue exponent p € (1,00). Suppose that the BVP (A, B1,...,By)
is parameter-elliptic in some sector L.

Then there is some (large) number Ao € Ry such that the following holds: if A € L and |\| > Ao, then the
BvVP

Au—du=f inQ,
Biu=g; ond, j=1,...,m
is uniquely solvable for all f € IP(QY), g; € Wme_mj_l/p(aQ), the solution w is in szm(Q), and it enjoys
the estimate

bz + AT Pl < o (1) + 2o 1930y
p

Here W™ ~1/2(9Q) is a fractional order Sobolev space on the boundary that occurs naturally as the
function space of traces of functions from ng_mj (Q).

The proof is very long, but its main ideas are not so hard: we are already able to construct a local
parametrix inside the domain €2, and we know how to solve approximate problems in small neighbourhoods
of a point at the boundary. We only have to glue the pieces together using many cut-off functions. Then
additional terms will appear (which we have pushed into terms |[u|| zr2m-1 o) When we studied the Shapiro-
Lopatinskij condition), but they are no problem because “X is in a good sector and large enough”. Recall
that we can interpolate

1 2m—1
||UHW§’”*1(Q) <C ||U||5[;%m(9) : ||UHL:3("§) <e ||UHWp2m(Q) + Zhuge HUHU’(Q) )

for any function v € W2™(Q2). We can bring e [vll2m(q) to the LHS for small &, and we can eliminate
D

the other item using |A| - ||u||,, for large |A[.
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We come to some important conclusion.

Theorem 7.3. Let X be a Banach space, and let A: D(A) — X be a closed operator, with dense domain
D(A) C X. Assume that there is a sector L = Xg with 0 > 7/2, such that for each A € L, the resolvent
(A —Xid)™! exists as a bounded map of X into D(A), with an operator norm estimate

C

H(A - )‘id)_le—»( < W’

and C' is independent of \. Then the operator A generates an analytic semigroup on X.

This implies then in particular that initial-value problems

Opu(t) — Au(t) = f(t), 0<t<T,
u(0) = ug

with given ug € X and given f become meaningfully solvable, assuming some conditions on ug and f,

such as ug € D(A) and f € C*([0,T],X), for some « € (0,1).

In case of the above Neumann Laplacian, we have X = IF(2) and D(A) = {u € WZ(Q): Bu = 0}. Some
shifted operator A 4+ const. then generates an analytic semigroup on X, hence also A.

7.2 Population Models

There seem to be some diverging concepts of ellipticity in the mathematics community. In this course,
ellipticity always means invertibility of the principal symbol. For a scalar operator A of second order in
Q1 C R”, the principal symbol is ap:(x, &) = Z?’k,:l a;i(2)€;€k, and then ellipticity implies

lape (2,6)] > ()], z€Q, R

for some c¢(xz) > 0. Now this keeps the possibility open of ¢(x) approaching zero for = approaching 992,
and typically this is an unwanted degeneracy. To exclude this behaviour, the concept of uniform ellipticity
has been invented, which requires:

Je>0: V(2,8 € QxR |ap(x,€)] > cl¢]?.

’ Ellipticity does not always imply that some quadratic form is positive definite. ‘

In case of scalar second order operators with principal symbol ap(z,§) = E;kzl aji(x)€;€&,, we can
naturally assume ajx = ap; because of 0,0, u = 0y, 0z;u (valid for classical derivatives and weak
derivatives and distributional derivatives), and in most applied situations, the coefficients a;j are real-
valued anyway, and then the matrix with entries a;; is either uniformly positive definite or uniformly
negative definite.

The situation changes completely for second order matrix differential operators. Let us consider a
population model with two population densities vy and us, and their fluxes Ji, Jo, in R™:

Oyuy — divJ; = 0, J1 = V(((Sl + d11u1 + 512U2)U1)7
8tu2 — diV J2 = 0, JQ = V((52 + 521U1 + (52211,2)’&2)7

where we have neglected many lower-order terms. We may write this as

U1 . Vur\\ {61+ 2611u1 + d12us 012Uy
O <u2) —div (A . (Vu2>) =0, A= < d21us2 02 + d21u1 + 2522“2) ’

The principal symbol of the matrix differential operator is

_ 01 + 2611u1 + d12u2 012Uy 2
pr(A) = - ( d21u2 02 + d21u1 + 2522U2> &7
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and this matrix is indeed invertible for d;, d2 > 0, all other 6;, > 0, and uq, ug > 0. It is easy to check
that its eigenvalues are in a sector that is strictly smaller than the left half-plane of C, which makes this
problem parabolic. And it is obviously quasi-linear. The methods of [5] show us how to solve it: we
choose the functional-analytical base space X = IP(R™) with p > n, in which A generates an analytic
semi-group (for fixed uy, ug > 0), and then the existence and uniqueness of a solution (u1,us) can be
proven for short times. The assumption p > n gives us the embedding I/Vp1 C L™, which enables us to
handle the nonlinearities. And this solution persists as long as it does not explode in certain norms and
stays positive. All this follows from the general machinery of [5].

But in the case of strong cross-diffusion, the operator A does not generate a positive definite form. Take
for instance 07 = d = 1, the cross-diffusion coefficients d15 = d21 = 1, and the self-diffusion coefficients
011 = 22 = 0. Take u; = 20 and us = 80 in some region of R™. Then

81 20
A= (80 21) ’
which is invertible, but it generates the quadratic form

(gzl> = 81|V |? + 20(Vuy ) (Vug) + 80(Vauz)(Vuy ) + 21| Vug|?,
2

which is not positive definite, because its matrix

81 50
50 21

has one negative eigenvalue (its determinant is negative).

On a more general level: a second order matrix differential operator A(z, D), with coefficients a;(x)
(each aji being an N x N matrix with complex entries a;Z), is called uniformly strongly elliptic if

N n
R(YS D ai@eeeh ) = clel- AP

r,s=1j,k=1

for some ¢ > 0 and all z € Q, all £ € R™, all A € CV. The population model with strong cross-diffusion
has shown that ellipticity (which means invertibility of the pseudodifferential principal symbol) does not
imply strong ellipticity (which means that the usual quadratic form obtained by partial integration is
positive definite).

However, there is some general procedure which is sometimes helpful. Consider the problem
U — A(x,D,)U =0,

where U is some vector function U: R; x R? — CV, and A is some matrix ¥DO of size N x N. Nothing
has been said about the order of A, or whether this problem is hyperbolic or parabolic or hybrid structure
(think thermo-elasticity). If (-,-) denotes the usual I?(R™ — C¥) scalar product, and U is a solution,
then

O \UN? = (8,U,U) + (U,8,U) = 2R (8,U,U) = 2R (AU, U) = (AU, U) + (AU, U)
= (AU, U) + (U, AU) = (AU, U) + (A*U,U),

with A* being the adjoint operator to the DO A.

This is the usual approach, which is not very helpful if A is elliptic, but not strongly elliptic. But
consider now an arbitrary matrix ¥DO M(x, D,), perhaps with symbol from S9, and define V(z) =

cl»

M(x, D,)U(t,z). Suppose that an inverse operator M~! to M exists. Then we find

8,V = MO,U = MAU = (MAM—l)V — AV,
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and we can also calculate (as above)
V| = <(21 +ft*) v, V> .

Note that A is a matrix ¥DO with principal matrix symbol
0pr(A) = Tpr(M) - e (A) - (03: (M)

and therefore o, (A) has the same eigenvalues as o, (A). If you choose (g, (M)~ as the collection of the
eigenvectors of op,(A), then A has a diagonal principal part, and then there is hope that estimating ||V|
allows for much better estimates of |[U|| because the system for V' becomes de-coupled in the principal
part.

Of course, there are challenges:

e What to do if there not enough eigenvectors of oy, (A) ? This happens for so-called weakly hyperbolic
systems.

e What to do if A depends on time ? Then also M will depend on time, and more terms appear.
e Are the lower order terms really harmless 7

e What to do if A depends itself on U, as in the population model ?

In particular in the nonlinear cases, various entropies have been applied with great success; but the key
idea behind their choice has often been to diagonalise some matrix differential operator. And if you cannot
diagonalise that operator, at least make it symmetric.

7.3 Quantum Hydrodynamics

This part is an edited version of [9].

The (viscous) model of quantum hydrodynamics describes the transport of electrons in various semicon-
ductor devices, and it contains the unknowns n (scalar electron density), J (vectorial current density), V'
(scalar electric potential). The system reads

o —divJ = vy An,
2 /A
0,7 — div <°”f‘]> — Vp(n) +nVV + Snv (ﬁ) —mng-d (7.1)
T

\/ﬁ
MLAV =n—C(x),

for (t,x) € (0,Ty) x €, where the spatial domain € is an open subset of R?, d = 1,2,3, with smooth
boundary. The three equations can be understood as conservation of mass, conservation of momentum,
and an elliptic equation connecting the electric potential V' to the density of the electric charges.

In the system p = p(n) is a pressure term, typically having the form p(n) = const.n”, for some v > 1.
The viscosity constants v are typically equal, and they describe the quantum mechanical interaction
of the electrons with oscillations of the semiconductor crystal. The third order derivative term is called
Bohm potential?,

Ay 1
N

The parameter 7 is the relaxation time of the current variable J, and Ap is called Debye length®. The
function C' is known and models the density of positive ions in the crystal.

B(n) =nV

vn- Jaw (ER2T)

n

We prescribe certain boundary conditions, and initial values

n(0,z) = no(x), J(0,z) = Jo(x), x €, (7.2)

2DaviD Boum, 1917-1992
SPETER JosEPH WILLIAM DEBYE, 1884-1966, Nobel prize 1936
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The linear principal part of the steady state problem of quantum hydrodynamics is

a5 = (5). weo

where A is given as

N 11 A div

This is a mixed order matrix differential operator, and the mized order refers to the third order derivative
in the lower left corner, which is “in a certain sense compensated” by the first order derivative in the
upper right corner. Below we will define what an elliptic BVP for such an operator is, in the sense of a
Shapiro—-Lopatinskij criterion.

We assume that the viscosity parameters satisfy

(7.4)
v >0, vy > 0, s d > 2.

{1/171/2>0, A >0, :d=1,

Theorem 7.4. Suppose (7.4) and € # 0. Then for d > 1, each of the following boundary conditions on
n and J satisfies the Shapiro—Lopatinskij criterion:

njpq = Nr, Jjoq = Jr,
dunjoq = nr, Jjoa = Jr,
njpq = Nr, (J))ee = J),rs (OvJ1)jo0 = Jor, (11 >0),

where J| and J) are the components of J tangential and perpendicular to 0S).

There is a sector Xy with

Yy ={z€C\{0}: |argz| <V}, %<19<7r, (7.5)

and for each p € (1,00) there is a positive \o(p) such that: for zero boundary values and A € Ly with
Al > Xo(p), the solution (n,J) to the problem

A (3) A (3) - (ﬁ) e WHQ) x ()1,

with homogeneous boundary conditions, exists in W3(€2) x (W2(Q))* and enjoys the a priori estimate

172l ws o) + AP/ 1720l @y + 1wz ) + ATl ) < € (||f0||w;(sz) + A2 1foll o () + HfIHI}’(Q)> :
(7.6)

This a priori estimate then will enable us to verify the operator A as the generator of a semigroup. Our
approach is as follows: Let B,, and B; be boundary condition operators, with either B,, =1 or B,, = 0,,
and either By = Iy, By = 140,, or By = (P|,0,PL), with P and P, being the projectors onto the
tangential and normal parts of a vector field.

For 1 < p < 0o, we consider the operator A from (7.3) with domain
D(A) = {(n, J) € W} () x (WZ(Q)": (Bun)jon =0, (BsJ)jen =0}
Theorem 7.5. Assume (7.4) and € # 0. Then A generates an analytic semigroup on the space

X = {(fo. ') € WHQ) x (IP(2)*: (Bnfo)jon =0} .

This brings us in a position to study local well-posedness to the system (7.1) with initial conditions (7.2)
and boundary conditions

(Bnn)(t,x) = nr(x),
(BsJ)(t,z) = Jr(z), (t,z) € (0,Tp) x 9. (7.7)
V(t,x) = Vp(x),
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Theorem 7.6. We suppose that the initial data possess the reqularity ng € W;?(Q), Jo € Wf(Q); and
for the boundary data we assume np € VVpgford B"71/17(8(2), Jr € %270rdBJ71/p(8Q) as well as Vi €

W;,Qil/p(@(l), where p > d. The doping profile C is assumed to be an IP(Q) function. Moreover, suppose
infaeqno(x) > 0 and the compatibility conditions

(Bnno)(z) = nr(z), (ByJo)(z) = Jr(z), x € 0N

Then the problem (7.1), (7.2), (7.7) has a unique time-local classical solution (n,J, V) with

n € C([0, To], W, (), dyn € C([0, To), W, (2)),
J € ([0, To], W2()), 9J € C([0,To], I (2)),
Ve C([07T0]7 %Q(Q))v atV € O([OvTO]v %3(9))a

for some positive Tj.

Now we explain our concept of ellipticity. We consider an N x N matrix differential operator A(z, D)
consisting of entries a;i(x, D,) with D = %V as usual. We suppose that there are integers s1,...,sn
and my,...,my such that s; + m; =: m € Ny is independent of j, with the property that the order
of aj, is no more than s; + my, for all 5,k = 1,...,N. We do not lose generality if we suppose that
my > mg > ... > my = 0. Additionally, we assume that a;; = 0 in case of s; + my < 0.

We wish to solve the system of partial differential equations
(A(z, Dy) — Midy)u(z) = f(z), x € 9, (7.8)

for all A in a certain sector £ of C. This interior problem is complemented with boundary conditions

Bi(x,Dy)u(x) = gj(x), x€ed), j=1,...,mN/2€N, (7.9)
where B; is a 1 x N matrix differential operator with entries b;r, K = 1,..., N, whose order does not
exceed 7; +my. Here we assume that such numbers rq,...,7,;,n/2 € Z exist with r; < m and that by =0

in case of r; +my < 0.
Through this section, we assume that the coefficients of A and B; belong to C*(Q) and Q C R",
89 c Cmaxmj-&-m.

Definition 7.7. Let L be a closed sector in the complex plane with vertex at the origin. Write
apr ik (2, Dg), bprjk(x, Dg) for the principal parts of aji and bji, with ordap jx = s; + my and
ord by, iz = 75 + my. Let Ay and By, ; be the N X N and 1 x N matrices with entries apy ji and
bor,jk- Their pseudodifferential symbols are apy and by, ;.

The boundary value problem (7.8), (7.9) is called elliptic with parameter in the sector £ if the following
conditions hold:

interior ellipticity condition: det(ay(z,&)—Aidn) # 0 for all (z,&,X) € QxR™ x £ with [£]+]A| > 0.

Shapiro—Lopatinskij condition: Let 20 € 9Q and the system (7.8), (7.9) be rewritten in local coordi-
nates near x° (using a translation and a rotation), in such a way that the boundary at z° corresponds
to x,, = 0, and the interior normal vector corresponds to the half-axis with x,, > 0. Then the bound-
ary value problem on the half-line

ape(0,&', Dy, Ju(t) — Mo(t) =0, 0<t=uz, < oo,
lim v(t) =0, (7.10)
bpr,; (0,6, Dy Ju(t) =0,  t=0, j=1,...,mN/2,
has only the trivial solution v =0, for all (xz°,&',\) € 00 x R"™1 x £ with [¢'| +|A] > 0.

In [3], it has been shown that the interior ellipticity condition implies mN € 2N.

For a vector—valued function u on ) of regularity W;,Q(Q), where 1 < p < oo and s € Ny, we define a
parameter—dependent norm,

||U||s,p,Q,,\ = ||u||wp(n) + MIS/’” HUHLP(Q) , AeC\ {0}
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Slmllarly, for a function v living on the boundary 09 with regularity W,’ —l/p (09), where 1 < p < oo and
s€{1,2,...,m}, we define a norm

A e C\ {0}

10llaz1/pp.008 = 10l o170 oy + 1A
We quote a well-posedness result from [12], see also [2, Theorem 6.4.1].

Theorem 7.8. Suppose that the boundary value problem (7.8), (7.9) is elliptic with parameter in the sector
L. Then there exists a Ao = Ao(p) such that for X € L with |A| > Ao, the boundary value problem has a
unique solution (ug,...,un) € H;V W TN(Q) for any right-hand side f = (f1,..., fn) € va:l W, ()

and all boundary values g = (91, - .., gmny2) € HmN/2 w,"" Tﬁl/p(@Q), and the a priori estimate

mN/2

N
Z ||u]||m i4mp,Q >\ = Z ||f]Hm] XD + Z ||9J||m r;—1/p,p,0Q,\
j=1

holds, where the constant C' does not depend upon f,g and .

The stationary vQHD system can be written as
v An+divJ =0,
2
e2 <J®J+ = (Vn) @ (Vn)

—ZVAn—&—VgAJ:—diV

1
) —Vp(n) +nVV + —J,
n T

We put u = (77) and define a (1 + d) x (1 + d) matrix differential operator A as in (7.3) with pseudo—

differential symbol

—I/1|£‘2 151 152 N lgd
SalE? —mle)? 0 0

a(x’é'): 14£1|§| l/2|€| | ) | . (7.11)
iyl 0 0 L e

Now we are in a position to prove Theorem 7.4.

Proof. The operator A has families of orders (s1,s2,...,84+1) = (1,2,...,2) and (mq1,ma,...,mgr1) =
(1,0,...,0), and we have N = d+ 1, m = 2 as well as A = Ap,. Then the eigenvalues of ap, are the
solutions A to

2
1€
(€ + M) (v2l€? + X) " = (nalé]? + A)? 1Zlfl4 =0
hence
>\1,.4.,d—1 = *V2|§|2,

1 1
Add+1 = —5(1/1 + ) [€|* £ 3V (11 —10)2 — 2[¢[.

Recalling that the parameters satisfy (7.4), we then can find an angle ¥ (even if 1y = 0) with /2 <9 <=
in such a way that the closure of the sector ¥y as in (7.5) contains none of the values A1, ..., Agt1,
provided [¢] > 0. This will be a first condition on the choice of the sector £ as in Definition 7.7.

In order to discuss the Shapiro-Lopatinskij condition, we pick a point 2° € 99, and then we rotate and
shift the coordinates in such a way that the interior normal direction at z° is given by (0,...,0,1) € R%.
We consider the boundary value problem on the half-line

(apr(glaDwd) - )\idd+l) ( ) =0, 0< g < o0,
lim wv(zq) =0, (7.12)

xrq—+00

bpr i (&', Dy, )v(za) = 0, zg=0, j7=1,...,d+1,
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where ¢’ € R and ap, = ap, (€, Dy,) is given as follows:

—n(|¢')* + DZ,) i€1 iD,,

Qg +0;,)  —w(P+D3) 0

a’pl‘ = N N . .
15 Dy, (€7 + D3,) 0 oo (P +D2)

Our intention is to show that the choice of boundary condition operators By, ;(§, Dy, ) listed in Theo-
rem 7.4 implies v(xq) = 0 for all & = (&1,...,&4-1) and all A € £, but |¢'| + [A] > 0.

The first line of (7.12) is a system of ODEs with constant coefficients and of mixed order, and it is clear
that any decaying solution v = v(z4) of this system must decay exponentially for x4 — oo, as well as all
derivatives of v. A thorough description of the structure of the solutions to mixed order ODE systems
can be found in [1]. We have

—vi (&P + D2,))n+i&Jy + -+ +i€g1Ja1 + 1Dy, Jg = An,

2
L€
lzgkqg'\z + D2 )n—va(|€'1? + D2 ) Je = A, k<d-1,
2
i Da, (€2 + D2 )n = va([€/ 2 4 D2,)Ja = M.

Write (-,-) for the usual scalar product on I*(Ry): (u,v) := [;* uvdzg and lul® == (u,u). We take
this scalar product of the equations for Ji with J and perform appropriate integrations by parts (which
produce no boundary terms due to the choice of B,, and B;):

2
9 .
== (€7 + DZ )ik Ji) — val€'” 1T 1* = w2 | Doy Jil* = A| Tl

2
3 .
== (€7 + DZ )n,iDy, Ja) = o€’ |? 1all* = v2 | DayJall* = M| Jall-

Summing up and plugging in the equation for n then give

e 72 2 2 & 72 2 2 d 2 <& 2 2 2
= S [[0€1 + D2 nl = o 3 (1€12 1l + 1D2u Tell*) = A D Wl + X (1€ lnll® + 1D,
k=1 k=1

The LHS is a non-positive real number, which enforces n = 0 and J = 0 in the case when A > 0. There
is even a closed sector £, strictly larger than the right complex half-plane, such that A € £ implies n =0
and J = 0. This can be seen as follows. By scaling arguments, we can assume |{'| = 1, or ¢ = 0 and
[A| = 1. Keep £ fixed. The Shapiro—Lopatinskij criterion is violated exactly for those A, for which the
Lopatinskij determinant vanishes. These values of A form a discrete set in C, which continuously depends
on & € 8971 the unit sphere. But S¢~! is compact, which ensures the existence of a sector £ with the
desired properties.

This completes the proof of Theorem 7.4. O
Now we give proofs to the Theorems 7.5 and 7.6.

Proof of Theorem 7.5. First we derive a resolvent estimate for A, improving the a priori estimates of (7.6).
Let A € ¥y with |A\| > Ag(p) as in Theorem 7.4, and consider the problem

(A — Nidgs1) (g) = <§9> €X. (7.13)

We define an operator P = A with domain D(P) = {v € W2(Q): (B,v)jpq = 0}, and then we set
n* := (P — \id) "1 fo. For this function we have, by classical results, the resolvent estimate

A N o) + 1127wz @) < Cllfollpiq)»  if fo € IP(9), (7.14)

which we are now going to “lift” by two Sobolev orders. We choose and fix a complex number yu for which
P — pid is an isomorphism from D(P) onto IP (). For some constant C; (which depends only on pu, but
neigher on A nor on n*), we then have

7M1 sy < NP = i) ey < Cr 0 sy V0" € Q)N D(P). (7.15)
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Now we assume fo € D(P). Then also Pn* = fy + An* € D(P) (which implies B, (Pn*) = 0), hence
n* € D(P?). This permits us to write

(P — Xid)(P — pid)n* = (P — pid) fo, B (P — pid)n® = 0.
We apply now (7.14):

NP = wid)n [y + 1P = id)n* sy < CIP = i) foll ey -
And this can be further estimated using (7.15):

A w2 ) + 17" lwa) < Cllfollpy sV fo € D(P). (7.16)
Interpolating between the estimates (7.14) and (7.16) we then find

Al ||n*||VVPl(Q) + |/\|1/2 Hn*HVVp?(Q) + H”*”Wps(g) <C Hfo“vvpl(g) ) V fo € D(P).

By density, this estimate holds for all fy € W;}(Q) with (B, fo)j90 = 0.
Now we put n =: n* +m and apply the inequality (7.6) to the problem

G- )
1
and recalling that fo = An* — An* (by the very definition of n*) we thusly deduce that
Il o) + AP Il ) + 171wz ) + A o
< € (I8 Iy + A2 180" iy + 1m0y + 1 lagen
<O (follwpey + 1 ey ) -

Summing up (n = n* + m) and using |}| ||m||Wpl(Q) < C(Hm”vvpa(g) + |A[3/2 Ml 5(y), we then find

12llws oy + A IRl ) + 11wz @) + A @) < € (||f0\|wpl(g) + ||f/||u>(ﬂ)) ) (7.17)
which can be expressed, for |A| > max(1, \o(p)), as

AT (A = Nidas) M| xxy + 1A = Nidar) ™ o ey < €
Put Ay = Ao(p) + 1. Then we have

sup [[AA = (A + A1) idasy 0.

-1
ey ) HL(X,X) <

Since D(A) is dense in X, the operator A —\;id441 then is a sectorial operator with spectral angle greater
than 7/2. Consequently, the operator A — A1id4y1 (and then also A) generates an analytic semigroup on
X. This completes the proof of Theorem 7.5. O

Now we demonstrate Theorem 7.6.

Proof of Theorem 7.6. We write the system as dyu = Au + F(u), u(0) = uo with u = (1), up = (7}8), A
as in (7.3), and

0
Fu) = (div (% (J@ J+5(Vn)® (Vn))) +Vp(n) —nVV — iJ> '

With u = u* 4+ ug we then wish to solve

u*(t) = /:0 exp(A(t — s)) (Aug + F(up +u*)(s)) ds, (7.18)
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by means of the iteration scheme
ug(t) =0,

up 1 (t) = /:0 exp(A(t — s)) (Aug + F(uo + ug)(s)) ds.

The analytic semigroup (exp(At));>o on the space X enjoys the estimate

c (To)

llexp(At)oll pay < lollx,  0<t<To, (7.19)

for all v € X. Define by complex interpolation

Y =[D(A), X]y ), = {(n,J) € W2(Q) x (W, (2)*: (Bun)joq = (BsJ)jo0 =0} .

p

Then the representation formula of uj ,, gives us, since VVp1 (Q) C L*°(Q) because of p > d,

) )

[k (D], < CE2 sup |Auo + F(uo +1uj) ()] x < Ct'/? (1 +?ur]> IIUZ(S)II?{v) :

and the convergence uj,, — u* in the space C([0,Tp],Y) can be shown by the contraction mapping
principle for small Ty. This function v* € C([0,T],Y) then is a mild solution to the problem

8tu* = Au* =+ .AUO + F(UO + U*) =: Au* + f(t)7
u*(0) = 0.

Now we bring the standard regularity theory into play: since A is the infinitesimal generator of an analytic
semigroup on X, and since f € L1((0,Ty), X) for any ¢ € (1,00) (we have even f € C([0,Tp], X)), it follows
that

u* € C%[0,To], X)), 6=(¢g—1)/q.

From (7.19) and the representation of u* we also get u* € L>°((0,Tp), [D(A), X],) for any v € (0,1), and
interpolating once more we then find

u* e CY3([0,Ty],Y).
This implies f € C1/3 ([0,T5], X). Then, by standard theory, u* is a classical solution with regularity

Au*, O™ EC’l/S([%TO],X)7 Yy > 0,
Au*, dwu* € C([0, Ty, X).

The proof of Theorem 7.6 is complete. 0



Appendix A

Facts from Topology and Functional
Analysis

We collect some facts for reference, mostly without proofs.

Let X be an arbitrary set (immagine a subset of R™ or a function space). To avoid nonsense statements,
assume X # 0 .

Definition A.1 (Topology). A topology is a set T of subsets of X with the following properties

o (e T,
e X e,
e the intersection of finitely many elements of T is always in T,

e the union of arbitrarily many (even uncountably many) elements of T is always in 7.

The pair (X, 1) is called topological space. If A € 7 then A is called an open set, and the complement
X\ A is called closed set.

Definition A.2 (HAUSDORFF space). A topological space (X, T) is called a Hausdorff space if the fol-
lowing holds: for each distinct x1,xo € X there are always open sets Ay, As € 7 with x1 € Ay, 19 € Ag
and Ay N Ay = 0.

Topological spaces which are not Hausdorff turned out to be very unpopular. For this reason, all spaces
are now assumed Hausdorff.

Definition A.3 (Continuous map). 4 map f: X — Y between two zwei topological spaces (X, 7) and
(Y, o) is called continuous if the pre-image of each in'Y open set is open in X.

Definition A.4. A set N C X is called neighbourhood of a point xg € X if there is an open set U with
zg €U CN.

We note that neighbourhoods need not be open, and they need not be small.

Definition A.5 (Basis of a topology). Let (X,7) be a topological space. A family o of subsets of X
is called basis of the topology 7 if each element of o is open, and if each open set of X can be written as
(possibly uncountable) union of elements of o.

A typical example for X = R" is this: let & run through the set {%, %, %, ...}, and take all the open balls
with radius € and with centre point of rational coordinates. This is then a countable basis of the usual

metric topology of R™.

Definition A.6 (Sub-basis of a topology). Let (X,7) be a topological space. A family o of subsets of
X s called sub-basis of the topology 7 if the set of finite intersections of members of o is a basis of the
topology T.

99
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Proposition A.7 (Interior of a set). Let (X,7) be a topological space, and let A be a subset of X.
Then there is exactly one greatest open set U € T with U C A. This set U is called interior of A.

For a proof, it suffices to take all open sets that are contained in A, and then their union.

Proposition A.8 (Closure of a set). Let (X,7) be a topological space, and let A be a subset of X.
Then there is exactly one smallest closed set U with A C U. This set U is called closure of A.

For a proof: just take all closed sets that contain A, and then their intersection.

Definition A.9 (Induced topology). Let (X, T) be a topologicaler space, and let ) # A C X. Then all
the sets ANU, where U € 7, form the induced topology of A.

Attention. Take X = R! with the usual metric topology, and choose A = [—1,1]. Then (0.5, 1] is an open
set in the induced topology of A, but it is not an open set in X.

We define the convergence of a sequence as expected:

Definition A.10 (Convergence of a sequence). We say that a sequence (x1,22,...) C X converges
to an element x* € X if for each neighbourhood U of x* some natural number Nog = No(U) exists such
that x,, € U for each n > Ny.

Warning: For complete metric spaces X,Y, the continuity of a map f: X — Y is equivalent to the
sequential continuity, which is defined as lim, o f(z,) = f(lim,— oo Tn), for each converging sequence
(z1,22,...) C X. This equivalence does not nold in general topological spaces: sequential continuity does
not imply continuity.

Warning: In general topological spaces, also the concepts dense and sequentially dicht do not coincide.
We say that a set A is dense in a topological space X if the closure of A equals X. And A is called
sequentially dense in X if each element of X is the limit of a sequence in A.

Definition A.11 (Compactness). A subset A C X is called compact if each covering of A by open sets
contains a finite sub-covering.

Warning: In complete metric spaces we have the following: a set A is compact if and only if each sequence
in A contains a converging sub-sequence with limit in A. This equivalence will not hold any longer in
general topological spaces. But this equivalence can be restored if the words “sequence” and “sub-sequence”
are replaced by “net” and “sub-net” (we make no attempt at defining that).

Definition A.12 (Product topology). Let (X,7) and (Y, o) be topological spaces. The produkt topol-
ogy of X XY is that topology which has the sub-basis consisting of all U x V' where U runs through all
open sets in X, and V runs through all open sets in Y.

Definition A.13 (Topological vector space). Let K=R or K= C. The standard norm turns K into
a topological space. Let X be a vector space over the field K. We say that X is a topological vector space
(tvs) if (X, 1) is a topological Hausdorff space, with its topolgy T designed in such a way that each set with
exactly one element is always closed, and that the addition of vectors and the multiplication by scalars are
continuous maps from X x X into X and from K x X into X, respectively. Here, the sets X x X and
K x X are to be equipped with the product topologies.

Proposition A.14. A linear map between two topolical vector spaces is continuous if and only if it is
continuous at the origin.

Definition A.15 (Bounded subset of a tvs). A subset A of a tvs X is called bounded if for each
neighbourhood U of the origin, there is a positive A\g with A C AU for each A > \g.

Intuitively, this means that the set A will be swallowed by each neighbourhood of the origin if you pump
up the neighbourhood big enough.

Proposition A.16. Let X be a vector space over the field K, and let {p;: i € I} be a family of seminorms
(here the index set I may be uncountable). We assume that this family separates points: if p;(xo) = 0 for
each i € I, then necessarily zo = 0.
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To each seminorm p; and to each € > 0, we consider sets
Uie :={z € X:pi(x) <e}.

Then the family
x+{Uic:i €I, >0},

where x Tuns through X, is the sub-basis of a topology 7 of X.
This topology has the following properties:

o cvery open set of X can be written as union of sets Uy, j. defined as
Uzo,ye ={x € X:pj(x —x0) <¢, j€J},
where € Tuns through R, J runs through all finite subsets of I, and x runs through X,

o a linear set f of X into Y is continuous if and only if for each neighbourhood Vy j. of 0 € Y there
is a neighbourhood U, 7 5 of 0 € X with f(U, 75) C Vo,se,

e a set A C X is bounded if and only if for each i € I there is a constant C; with p;(x) < C; for each
T €A,

e a sequencee (x1,xa,...) C X converges to a limit x* € X if and only if im,, oo pi(@m — x*) =0
for each seminorm p;.

Such a vector space X, equipped with this topology, is called locally convex space.
The situation becomes nicer if there are only countably many seminorms (pi,p2,... ), in which case we
can define a function d: X x X — R like this:

oo

Ay ey =Y ga LT T) e x

o 14w —w2)

We quickly show that d has all the properties of a metric. We say that the tvs X is metrizable.

If we now suppose additionally that X is a complete space (which means that each metric Cauchy sequence
has a limit in X), then X is called a Fréchet space. The advantage is now that continuity is again
equivalent to sequential continuity, density equivalent to sequential density, compactness equivalent to
sequential compactness.

We give a hint why D(R™) cannot be a Fréchet space, by means of constructing a similar space (but
easier) that is not metrizable.

Lemma A.17. Choose the space

C% (R"):= {u: R" — R: u is continous and has compact support}

comp

Consider its sub-spaces
Cy(R™) == {u e C,,(R™): suppu C Ba(0)}, M >0,

with By (0) being the ball about 0 with radius M.

Then the following holds: any topology of Cgomp(R") that induces on all its sub-spaces C%;(R™) their
natural Banach space topology, cannot be metrizable.

Proof. The natural Banach space topology of the C,(R™) comes from the supremum norm. Pick 0 <
M < N. Then CY,(R") is a closed sub-space of C%(R™), and C%,;(R") is nowhere-dense in C%(R™),
because every open ball in C% (R") with arbitrary center and with radius € > 0 contains functions that do
not vanish in the annulus, and these functions are impossible to approximate by functions from C9,(R™).

We have obviously Cg,,,(R™) = U3j_; Cf;(R™), hence CY,,,(R™) is the countable union of nowhere-dense
closed sets.

Now BAIREs theorem says: a non-empty complete metric space cannot be the countable collection of
nowhere-dense closed sets. O
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Definition A.18 (Topological dual space). Let X be a tvs over the field K. The set of all linear and
continuous maps from X into K is denoted by X', and it is called the topological dual space’.

Each x € X generates a seminorm p, on X' via
T pe(T) = (T, 2) 51 x |, TeX'.
The topology of X', generated by these seminorms, is called the weak—x—topology.

Definition A.19 (Transposed operator). Let X and Y be locally convex spaces, and let A: X =Y
be linear and continuous. Then A generates a linear operator operator A: Y' — X' via

<Aty/,$>X,XX = <y/7AI>Y’><Y7 y/ eyla x€X7
which we call transposed operator.

Proposition A.20. With the above notations, A® is continuous. If A is a topological isomorphism (which
means that also A™1 is continuous, then also A' is a topological isomorphism, and we have (A')~! =

(A1)

Proof. For each seminorm p of X', we need a finite collection of seminorms ¢y, ..., g, of Y’ and a constant
C, such that

p(A'y) < Cf:qj(y’), vy €Y’
j=1
Only those p are interesting that are generated by an = € X via
p() = | a) x|, Vol € X,
hence we have
p(AYY) = [(A" z)| = |y, Az) | = q(y),

where ¢ is a seminorm on Y’ that is being generated by Ax € Y. This proves the first claim.

Assume now A as bijective, and A~! continuous. Then there is (A71)!: X’ — Y’ defined by

—1\t ,_ -1
<<A ) x/7y>y/><y A <$/7A y>X/Xxv
and it is continuous.

The operator A is injective, because: suppose Aly’ = 0 € X', then we have, for all z € X,
0= <Aty/’ $>X’><X = <y/a Ax>Y/><Y’

hence 0 = (¥, y)y .y for all y € Y, because A is surjective as a map from X to Y. This means y’ = 0.

The operator A? is surjective, because: let us be given 2’ € X', and we wish to find ¢/ € Y’ with Ay’ = 2.
For all x € X we then have

(' x) = (2!, A7  Az) = ((A™")'a!, Az) = (A" (A7) z),

which enforces 2/ = A'(A~1)ta’. Tt suffices to choose y' = (A~1)ta’. And we also get (A')~1 = (A71)!. O

1We quickly check that X’ is an algebraic vector space over the field K



Appendix B

Exercises

Microlocal Analysis and Boundary Value Problems —
Homework Sheet 1

1. Prove that

T(gp):lim(/g('o(x)dx—&—/soowdx), o € C°(RY)

oo T x
is a linear map from C§°(R!) into C. Determine whether T is a distribution.

2. Determine a function E: R™ — R such that

(1" | B@), - Or,plx) dr = (0

holds for all ¢ € C§°(R™).

3. Let f,(z) = sin(nz) for x € R and n € N. The associated regular distributions shall be denoted by
Ty, which means (Ty, ) = [, fn(2)p(x) dz. Check whether

(a) the sequence of functions (f,,)nen enjoys pointwise convergence almost everwhere,

(b) the sequence of distributions (T}, )nen converges in D' (R).
4. Show the continuity of the embedding &'(R™) C 8'(R"™).

Prove that the Fourier transform maps from &'(R"™) into C°°(R™), and it enjoys the formula

(Fu)(€) = (u,exp(—iz - ) e/(mn)x e (mn) - EeR™, ue & (RY).

Hint: tensor products of distributions from 8’, perhaps.

Moreover, show that Fu has slow growth, which means
Fu(©)] < Cu(l+ D™, VEER™
If possible, show that Fu is an analytic function of &.

5. Let x = x(§) € C5°(R™) be a cut-off function which is identically equal to 1 in a neighbourhood
of £ = 0. Show that the family of functions {x. = x(e£)}o<c<1 belongs to S, with uniform in e
symbol estimates.
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APPENDIX B. EXERCISES

Microlocal Analysis and Boundary Value Problems —
Homework Sheet 2

. To show: if v € 8'(R"™) is a distributional solution to A w = 0, then u is a polynomial.

Hint: Fourier transform

Are there distributional solutions to A u = 0, which are no polynomials ?

Let u € &'(R™). Prove that then some k € N, exists and some f € I[?(R") with u = (1 — A)*f (as
an identity of distributions).

Prove that the intersection (), S7'5 (€2 x R?) indeed does not depend on p,d € [0, 1].

Determine a pseudodifferential symbol p € Ny ..q/3 SY_. (R™ x R™), for which however p ¢
S? o (R™ x R™).
Let a = a(z,£) € S(R™ x R™), and let A be the associated ¥DO. Prove that

(A2 = [ g e Pul)dgdp  Vu e SERY)

2n
p,q
where the operators €% (“phase factor”) and e'?"P (“Taylor expansion”) are defined via

(€% u)(2) = T Tulz),  (e"Pu)(z) = u(z +p).

Let a,b € S(R™ x R™), and let A, B be the associated ¥DOs. To show: then € := A o B is again a
UDO. Find a representation formula for its symbol ¢ = ¢(z, £) as an oscillating integral.

Hint: previous question
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Microlocal Analysis and Boundary Value Problems —
Homework Sheet 3

1. Let x = x(§) € C§°(R™) be a cut-off function, hence (e.g.) x(&) =1 for |{] < 1 and x(§) = 0 for
|€] > 2. For some pseudodifferential symbol p = p(z,§) € S,'s with global symbol estimates, its

operator P, and € > 0, define p.(z, &) := p(z,{)x(€£), and let the associated operator be denoted by
P.(z, D).

To show: if g, € [0,1] and v € §(R™), then lim._, 1o P.u = Pu, with convergence in the topology
of §(R™).
To show: if p,d € [0,1], where § < 1, and if v € 8'(R™), then lim._, o P.u = Pu, with convergence
in the weak-x topology of 8'(R™).

2. Let a(z,&) ~ Y_p2, ax(z,€) be an asymptotically convergent series with a € Sy (R} x RY) and ay, €
Sﬁf k(Rg X RQ) Equip the statement “each asymptotically convergent series can be differentiated

termwise” with a meaning and with a proof.

3. Let a € ST(R} x RY) with global symbol estimates, and let A be the associated ¥DO. To show
that A maps S(R™) continuously into itself, and 8'(R™) continuously into itself as well.

4. Consider in R? the function

0 : x <0,
wone) =0, 5

For each x¢ € R?, determine those s € R for which u € H? o
For each (zg, &) € R? x (R?\ 0), determine those s € R for which v € H?

z0,80"
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